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Abstract

Mixed-mode dynamic stress intensity factors (DSIFs) for two-dimensional
(2D) elastic cracked solids are evaluated employing ordinary state-based peri-
dynamics (OSPD) theory. The interaction integral is adopted in the evalua-
tion of the DSIFs. Because the displacement derivative cannot be evaluated
in the standard OSPD theory, the derivative components in the interac-
tion integral are derived based on the moving least-squares approximation
(MLSA). In addition, the diffraction method is introduced in the MLSA to
accurately evaluate the field variables around the crack. Several 2D mixed-
mode crack problems are solved and evaluated DISFs for regular and irregu-
lar particle arrangements. High accuracy and path-independent mixed-mode
DSIFs are achieved by this present formulation and discretization.

Keywords: Fracture Mechanics, Peridynamics, Dynamic Stress Intensity
Factors, Moving Least-Squares

1. Introduction

In the last two decades, meshfree Galerkin methods have been developed
for modeling in science and engineering research fields, and in particular
fracture problems. In the meshfree formulation and discretization, particles
are distributed entire the analysis domain and meshfree interpolants are em-
ployed for each particle to approximate field variables. The equilibrium equa-
tion for a continuum is transformed into weak form and is discretized using
the scattered particles. The point of note is that fracture modeling, specifi-
cally, the displacement discontinuity along crack segment and the representa-
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tion of severe stress concentration around the crack-tip, is introduced via the
meshfree discretization. To date, several meshfree and related methodolo-
gies have been proposed, e.g., element-free Galerkin method [1], reproducing
kernel particle method [2-4], moving Kriging interpolation-based meshfree
method [5-8] and wavelet Galerkin method [9-14]. Although there are several
advantages in solving fracture problems using meshfree methods compared
with the finite element method (FEM), there remains several challenging
problems in fracture modeling, e.g., dynamic fracture, multiple cracks and
fragmentation problems. Even when the problems are discretized by nodes or
particles, Galerkin-based formulation sometime includes difficulties because
it is formulated based on continuum mechanics theory.

A novel numerical method, i.e., peridynamics (PD) theory, has recently
been proposed by Silling [15] for analyzing solid mechanics problems. In the
PD theory, the equation of motion is formulated and particles are scattered
over the entire body in the discretization, as well as molecular dynamics the-
ory. The equation of motion is not based on Galerkin formulation. Each
particle has a function support ”Horizon” and each particle within this Hori-
zon is connected by a ”Bond”. Attractive pairwise forces interact over the
particles to model a continuum like molecular dynamics theory. The pro-
totype micro-brittle (PMB) model [16] is often adopted to model a brittle
fracture in cracked solids. Fracture energy is defined and a bond across the
crack segment is separated when the strain energy reaches a critical value.
Therefore, because of simplicity in this fracture modeling, the PD theory
is well suited for analyzing fracture problems, especially those that include
branching, multiple cracks, and fragmentation. Various studies have em-
ployed PD theory for analyzing fracture in fibers [17] and membranes [18].
Crack branching problems in brittle material are analyzed in [19-22]. In ad-
dition, methods coupled with Galerkin-based approach [23-27] have also been
presented.

The evaluation of fracture mechanics parameters, e.g., dynamic stress in-
tensity factors (DSIFs), is important in analyzing such fracture problems in
solids. Fracture behaviors can be treated effectively based on classical frac-
ture mechanics theory. Researchers have performed evaluations of fracture
mechanics parameters for the PD theory [28-30]. However, accurate evalua-
tions of the DSIFs of cracked solids in terms of the PD theory are rare. In the
present study, mixed-mode DSIFs for two-dimensional (2D) elastic cracked
solids are evaluated employing ordinary state-based PD (OSPD) theory of Le
et al. [31]. The interaction integral is adopted to extract mixed-mode DSIFs
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from the J-integral. Because the standard OSPD theory cannot directly be
used to evaluate the displacement derivative, the moving least-squares ap-
proximation (MLSA) is therefore adopted for this purpose in the interaction
integral. In addition, the diffraction method [32] is introduced in the MLSA
to approximate physical values around the crack. Although elastodynamic
problems and single-mode DSIF were evaluated in our previous study [33]
to verify accuracy in 2D elastic continuum as well as examination of skin ef-
fect, mixed-mode problems have not been reported to date. The interaction
integral method is adopted and implemented in the OSPD theory. The path-
independent property and accuracy of the DSIFs are critically examined for
several 2D mixed-mode crack problems.

The structure of the paper is organized as follows: OSPD theory is briefly
described in Section 2. The interaction integral and numerical implemen-
tation in the OSPD theory are presented in Section 3. Several numerical
examples and verification of mixed-mode DSIFs are analyzed and discussed
in Section 4. Major conclusions drawn from the study are given in Section 5.

2. Peridynamics theory

2.1. Basic theory

PD is a non-local theory and is considered as an augmented theory of
molecular dynamics for analyzing continuum mechanics problems. In the
PD discretization, particles are interacting with each other within an influ-
ence radius δ, called the ”Horizon”. In the state-based PD theory [34], the
equation of motion is represented for a unit volume,

ρü(x, t) =

∫
H

[
T(x, t)⟨x′ − x⟩ −T(x′, t)⟨x− x′⟩

]
dVx′ + b(x, t), (1)

where ρ, ü(x, t), dVx′ and b(x, t) denote the mass density, acceleration vector,
unit volume, and body force density, respectively. x is the position vector
of a reference particle and a superscript ”′” signifies an arbitrary particle
within a neighborhood H of particle x. ⟨x′ − x⟩ represents the interaction
between particles x and x′ and is called the ”Bond”. T(x, t)⟨x′ − x⟩ is not
a multiplication of T(x, t) and ⟨x′ − x⟩, but T(x, t) is a function of state
⟨x′ − x⟩. T(x, t)⟨x′ − x⟩ is called ”Force state” to represent the particles
interaction between x and x′ at time t. To simplify its representation, we
rewrite T(x, t)⟨x′−x⟩ and T(x′, t)⟨x−x′⟩ as T and T′, respectively. So far,
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a force state T is formulated by three types of model [34] as; 1) ”Bond based
model”, 2) ”Ordinary state-based model” and 3) ”Non-ordinary state-based
model”, respectively. A bond based model can be adopted for Poisson’s
ratio ν = 1/3 for 2D problem and ν = 1/4 for 3D problem. In addition,
it was reported that ”zero-energy mode” problem occurs in a non-ordinary
state-based model [29]. In present study, a ordinary state-based model is
chosen.

2.2. 2D OSPD theory

Le et al. [31] proposed a novel PD formulation for analyzing the 2D
plane stress/plane strain solid mechanics problems for OSPD theory. Here,
the OSPD theory and Le’s formulation are introduced briefly. For more
details of the OSPD and this formulation, see [31,34].

A force state T in Eq.(1) is derived based on the strain energy density
function ∇W (θ, ed). It is written

T = ∇W (θ, ed) = t
ξ + η

|ξ + η|
, (2)

where ∇W (θ, ed) is a function of the volume dilatation θ and deviatoric
part of the extension state ed. When Eq.(2) satisfies, the material is called
”Ordinary material”. t is a scalar function and ξ + η/|ξ + η| is a unit vector
of direction. The relative position vector ξ and the relative displacement
vector η are respectively defined by

ξ = x′ − x,

η = u′ − u.
(3)

The strain energy density function of the OSPD is then obtained using

W (θ, ed) =
κ′

2
θ2 +

α

2
(ω(ξ)ed) • ed, (4)

where ω(ξ) is an arbitrary influence function which depends on the distance
between particles. A Gaussian function is chosen. κ′ and α are determined
from the constitutive law of the material. The dot product ”•” represents
the domain of integration for arbitrary states within the neighborhood. For
instance, the dot product of same order states A and B as defined by

A •B =
∫
Hx

AB dVx′ . (5)
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The volume dilation θ and the deviatoric part of the extension ed are
defined by

θ =
3(ω(ξ)x) • e
(ω(ξ)x) • x

, (6)

ed = e− θ

3
x, (7)

where x=|ξ| and e=|ξ+η|−|ξ|. The scalar function t in Eq.(2) for the plane
stress condition is given by

t =
2(2ν − 1)

ν − 1

(
κ′θ − α

3
(ω(ξ)ed) • x

) ω(ξ)x

(ω(ξ)x) • x
, (8)

α =
8G

(ω(ξ)x) • x
, κ′ = K +

G(ν + 1)2

9(2ν − 1)2
, (9)

and for the plane strain condition, by:

t = 2
(
κ′θ − α

3
ω(ξ)ed • x

) ω(ξ)x

(ω(ξ)x) • x
+ αω(ξ)ed, (10)

α =
8G

(ω(ξ)x) • x
, κ′ = K +

G

9
, (11)

where G and K are the elastic shear and bulk moduli, respectively. To
evaluate stress components of the PD theory, a collapse stress tensor [35] is
employed. The stress tensor is written

σ =

∫
Hx

T⊗ ξ dVx′ . (12)

2.3. Crack modeling

In the PD model, the analysis domain is discretized using the scattered
particles. Voronoi diagram [36] is employed to determine the initial volume
of each particle. A crack is modeled by a pairwise forces of the distributed
particles crossing the segment. When a crack segment intersects a bond, the
bond is broken as shown in Fig.1. The solid lines mean bonds join a pair of
particles and dashed lines represent broken bonds. When bonds are broken,
the pairwise force of the force state in Eq.(1) become zero.
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Crack-tip
Crack

Particle

Bond disconnection

Bond

Figure 1: Schematic of crack modeling in a PD theory.

3. Evaluation of DSIFs

3.1. Interaction integral

The interaction integral [37] is adopted in extracting mixed-mode DSIFs
from the J-integral [38] in the OSPD theory. The interaction integral is
briefly described. Here, we consider two kinds of fields, i.e., actual displace-
ment fields uact and auxiliary displacement fields uaux. When considering an
equivalent domain integral form of the J-integral under the superimposed
state of actual-plus-auxiliary fields, the interaction integral I can be written

I =

∫
Ω

[(
(σact

ij + σaux
ij )(

∂ui

∂x1

act

+
∂ui

∂x1

aux

)− 1

2
(σact

ij + σaux
ij )(εactij + εauxij )δ1j

) ∂q

∂xj

+
(∂σij

∂xj

act

+
∂σij

∂xj

aux)( ∂ui

∂x1

act

+
∂ui

∂x1

aux)
q
]
dΩ

= Jact + Jaux +M,

(13)

where Jact and Jaux are the J-integrals with actual and auxiliary fields. The
M corresponds to the interaction term of the actual and auxiliary states
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(M -integral). It is written

M =

∫
Ω

[(
σaux
ij

∂ui

∂x1

act

+ σact
ij

∂ui

∂x1

aux

− 1

2
(σact

ij εauxij + σaux
ij εactij )δ1j

) ∂q

∂xj

+
(∂σij

∂xj

aux ∂ui

∂x1

act

+
∂σij

∂xj

act ∂ui

∂x1

aux)
q
]
dΩ.

(14)

Note that, in linear fracture mechanics, Williams’ solution [39] is adopted
as the auxiliary field. The q-function is the arbitrary function satisfying
conditions

q =


0 outside of S2

1 inside of S1

0 ≤ q ≤ 1 otherwise

, (15)

where S1 and S2 are domains that are defined near the crack-tip as shown
in Fig.2(a). The linear function is chosen as the q-function. In Section
4, path-independence of the interaction integral is discussed using the q-
functions with circular and rectangular forms as presented in Fig.2(b) and
(c), respectively.

The relationship between the J-integrals and actual mixed-mode DSIFs
KI and KII is written respectively as

Jact =
(KI)

2 + (KII)
2

E∗ , (16)

Jaux =
(Kaux

I )2 + (Kaux
II )2

E∗ , (17)

where

E∗ =

{
E for plane stress

E/(1− ν2) for plane strain
, (18)

where Kaux
I and Kaux

II are the auxiliary mixed-mode DSIFs. Additionally, the
interaction integral I is represented J-integral for the superimposed fields of
actual and auxiliary, as follows

I =
(Kact

I +Kaux
I )2 + (Kact

II +Kaux
II )2

E∗ . (19)
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Substituting Eqs.(16), (17) and (19) into Eq.(13) leads to

M =
KIK

aux
I +KIIK

aux
II

E∗ . (20)

Consequently, the actual DSIFs of mode-I KI and -II KII can be obtained
by assuming the pure mode-I (Kaux

I =1, Kaux
II =0) and -II (Kaux

I =0, Kaux
II =1)

condition in the auxiliary fields, respectively; that is

KI =
E∗

2
M for Kaux

I = 1, Kaux
II = 0, (21)

KII =
E∗

2
M for Kaux

I = 0, Kaux
II = 1. (22)

3.2. Moving least-squares approximation

In the standard OSPD theory, the displacement gradient term in the
M -integral of Eq.(14) cannot be defined explicitly, because the equation of
motion can be evaluated without the displacement gradient. Therefore, an
alternative way is required for the evaluation. The MLSA [40] is adopted.
The approximation function uh(x) of an arbitrary function u(x) is defined
by

uh(x) =
m∑
i

pi(x)ci(x), (23)

where pi(x) is a basis function, m is the number of basis function and ci(x)
are the coefficients arising in the approximation. A quadratic basis pi(x) =
[1, x, y, x2, xy, y2] is taken as the basis function. The ci(x) can be determined
by minimizing the weighted L2-norm

Q =
N∑
I

w(x− xI)[u
h(x,xI)− u(xI)]

2. (24)

Finally, the MLSA of function uh(x) can be given by

uh(x) =
N∑
I

ϕI(x)u(xI), (25)
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S1 S2

Crack

S1 S2

(a)

(b) (c)

S1 S2

Figure 2: Geometry associated with the q-functions for the interaction integral (a) Global
(X1, X2) and local (x1, x2) coordinate systems, (b) The rectangular q-function, (c) The
circular q-function.
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where N is the total number of particles within the neighborhood and ϕI(x)
(I = 1, · · · , N) denote the shape functions. A cubic spline function is chosen
as the weighted function w(x− xI) as follows:

w(x− xi) =
10

7πδ2


1− 3

2
s2 + 3

4
s3 (0 ≤ s ≤ 1)

1
4
(2− s)3 (1 ≤ s ≤ 2)

0 (2 ≤ s)
, (26)

where s is the function dependent on the distance between paricles, as:

s = |x− xi|/δ. (27)

The diffraction method [32] is also introduced to describe the near crack-tip
precisely. This method is often used in providing the approximation function
for the crack-tip continuity in the meshfree method [41-43].

3.3. Definition of the integration domain for the interaction integral

In using PD theory [21], the skin effect that particles along the boundary
of the body generate inaccuracies may occur. To evaluate DSIFs with high
accuracy employing the interaction integral, the effect near the crack-tip
needs to treat consistently. Because Eq.(14) is domain integral form, error
due to skin effect becomes large when domain of q-function is small. In the
present study, to obtain high accuracy DSIFs, the domain for the q-function
is defined larger than δ from the crack-tip as illustrated in Fig.3.

Figure 3: Skin effect and the definition of the q-function in the interaction integral.
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4. Numerical results of mixed-mode DSIFs and discussion

With the central difference scheme adopted for the time integration, the
acceleration ü can be written

ün
i =

un+1
i − 2un

i + un−1
i

∆t2
, (28)

where ∆t is the time interval, and the superscript and subscript signify the
time step and particle number, respectively. The equation of motion of Eq.(1)
in discretization form becomes

un+1
i =

∆t2

ρ

[NP∑
j

(Tn
i −Tn

j )Vj + bn
i

]
+ 2un

i − un−1
i , (29)

where Tn
i is the force state of i-th particle at n-th step, Vj is the volume of

j-th particle, bn
j is the body force density of j-th particle at n-th step. NP

is the total number of particles in the neighborhood. The Voronoi diagram
is used to evaluate the volume of each particle as shown in Fig.4.

Neighborhood

Voronoi cell

Figure 4: Schematic of the discretized PD model.

All numerical examples employ the normalized DSIFs,

K̄dyn
i = Ki/σ0

√
πa, (i = I, II) (30)
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where σ0 is the magnitude of the applied stress for a cracked solid, and
a is the crack length. In all numerical examples, plane strain conditions
are assumed. All reference solutions were digitized for comparison. In our
previous study [33], the numerical results in elastodynamics problems are
converged sufficiently using a horizon δ that was larger than 3d in the 2D
OSPD theory, where d is the particle distance. Hence, δ = 4d is chosen for
all numerical examples. A very small time step ∆t is chosen for the stable
computations.

The DSIFs were examined by considering three numerical examples: an
inclined cracked plate, an inclined cracked plate with a hole and a L-shaped
plate with an inclined crack. The numerical results of the first example were
compared with reference solutions and path-independence properties of the
interaction integral were examined for different particle arrangements. In the
second example, results from four different angle setting were examined. For
the final example, an analysis of a complex L-shaped plate of general form
was conducted.

4.1. An inclined cracked plate

An inclined crack in a rectangular plate with boundary condition in Fig.5
is analyzed. The geometry parameters are: width B = 30 mm, heightH = 60
mm, crack length 2a = 14.14 mm, angle of crack α = 45◦. The plate has the
following material properties: Young’s modulus E = 199.992 GPa, Poisson’s
ratio ν = 0.3 and mass density ρ = 5, 000 kg/m3. The particle distance
d = 0.05 mm is used. The circular q-function in Fig.2(b) is chosen with radii
of S1 rq1 = 1.2 mm and S2 rq2 = 1.4 mm.

A comparison of the normalized DSIFs with of Murti and Valliappan [44]
and Fedelinski and Aliabadi [45] is shown in Fig.6. The DSIFs results in the
present study shows a good agreement with the reference solutions.

In examining the path-independence of the interaction integral, the DSIFs
were evaluated using the two types of arrangements, i.e., regular and irregular
particle settings as shown in Fig.7 for the three kinds of interaction integral
domains. The irregular arrangement is modeled

xirr = x+∆s · rc · βirr, (31)

where x and xirr are the position vectors for the regular and irregular ar-
rangement, respectively. ∆s is the particle distance and ∆s = d is used. rc
is a random factor, and an irregularity factor βirr = 0.3 is used.
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Figure 5: Rectangular plate with an inclined crack.

(a) (b)

Figure 6: Comparison of the normalized DSIFs between the result of the present method
and the reference solutions, (a) K̄dyn

I , (b) K̄dyn
II .
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The properties of each domains are as follows: Domain A is circular,
rq1 = 0.8 mm and rq2 = 1.0 mm: Domain B is circular, rq1 = 1.2 mm and
rq2 = 1.4 mm: Domain C is rectangular, xq

1 × yq1 = 1.5 × 1.5 mm and
xq
2 × yq2 = 1.7 × 1.7 mm. Comparisons between result for mode-I regular

and irregular arrangements in Fig.8 (a) and (b) and for mode-II regular and
irregular arrangements in Fig.8 (c) and (d) show that the respective DSIFs
are in good agreement. More importantly, the present results exhibit path-
independence implying that different domains do not significantly alter the
DSIFs.

Crack
Crack

(a) (b)

Figure 7: Arrangement of particles around the crack-tip, (a) regular arrangement, (b)
irregular arrangement.

4.2. An inclined cracked plate with a hole

The next numerical example deals with an inclined cracked plate with a
hole as shown in Fig.9. Boundary conditions are also depicted in the same
figure. The crack length is 2a = 15 mm. The plate width B and height
H, also the material properties are taken same with the previous example.
The DSIFs of this problem have been previously reported by Fedelinski and
Aliabadi [45] using the dual boundary element method (dBEM), which are
used here for our comparison purpose.

Four crack angles are considered and their corresponding DSIFs values are
then analyzed. The particle distance d = 0.075 mm is used in this analysis.
The circular q-function and the radius of S1 rq1 = 1.2 mm and S2 rq2 = 1.5
mm are used in all cases. A comparison between the results of the present
method and the reference solutions is given in Fig.10.

For a crack angle α = 0◦, the problem becomes pure mode-I: the DSIFs
of mode-I take maximum values whereas the DSIFs of mode-II are zero. As
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Domain A

Domain B

Domain C

Domain A

Domain B

Domain C

Domain A

Domain B

Domain C

Domain A

Domain B

Domain C

(a) (b)

(c) (d)

Figure 8: Path-independence for the interaction integral for the various arrangements (a)
mode-I with regular arrangement, (b) mode-I irregular arrangement, (c) mode-II regular
arrangement, (d) mode-II irregular arrangement.
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the crack angle α increases, the DSIFs of mode-I decreases. The DSIFs of
both modes are in good agreement with reference solutions.

Figure 9: Inclined cracked plate with a hole.

(a) (b)

Figure 10: Comparison of normalized DSIFs between the results of the present method
and the reference solutions for different crack angles (α = 0◦, 30◦, 45◦, 60◦), (a) K̄dyn

I ,

(b) K̄dyn
II .
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4.3. L-shaped plate with an inclined crack

The last numerical example is illustrates an analysis of DSIFs for a more
complex configuration, a mixed-mode problem of an inclined crack in an L-
shaped plate as shown in Fig.11(a). This model was solved by Fedelinski et
al. [46] and their results used here for comparison purposes. The geometric
parameters are settings: B = 50 mm, H = 20 mm, crack length a = 10 mm,
angle of crack α = 45◦, and radius of curvature R = 10 mm. The material
properties assumed are: Young’s modulus E = 200 GPa, Poissson’s ratio
ν = 0.3, mass density ρ = 8, 000 kg/m3. The particle distance d = 0.1 mm
is used. The circular q-function with radii of S1 rq1 = 1.7 mm and the radius
of S2 rq2 = 2.1 mm is used.

The numerical result of the normalized DSIFs are shown in Fig.11(b).
As expected, the present DSIFs agree well with the reference solutions. As
usual, the values of mode-I are larger than that of the mode-II. Whereas the
more peaks are observed for the mode-I, no peak appears for the mode-II.

(a) (b)

Mode-I

Mode-II

Figure 11: Inclined crack in an L-shaped plate, (a) the geometry and boundary conditions,
(b) Comparison of DSIFs for mode-I and -II between result of the present method and
reference solutions.

5. Conclusion

The mixed-mode DSIFs for the 2D plane problem with a stationary crack
are evaluated using OSPD theory. The displacement gradient term in the
interaction integral is calculated using the MLSA. To eliminate the skin effect
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near the crack-tip, the region determining the influence of the q-function is
set larger than δ. The accuracy of the present formulation was assessed
using three numerical examples of mixed-mode problems that have reference
solutions. The DSIFs of mixed-mode problems were evaluated employing
both simple and sophisticated configurations. The present PD results yield
good agreement with reference solutions based on boundary element method.
In general, the developed PD approach offers high accuracy of the DSIFs
and more importantly the path-independence of the DSIFs is obtained. The
DSIFs evaluation can be adopted for dynamic crack propagation problems
considering crack speed. The proposed approach is general and potentially
to applicable to other complex fracture problems, for instance, multiphase
smart piezoelectric materials [47].
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