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Abstract

We investigated F(R) gravity, which is one of modified gravity theory. F(R) gravity can
describe slow roll inflation model and often describe Dark energy, Dark matter. There are
many F(R) model which explain unsolved cosmological problems. However observing of
F(R) gravity is difficult because of chameleon mechanism. In solar system the effect of F'(R)
gravity is screened so we can’t observe F(R) gravity. Therefore we consider the case that
we can observe F'(R) gravity. One of candidate is preheating era. We calculate behavior of
chameleon mechanism at preheating era.
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1 Introduction

The equations of motion devised by Newton in the 17th century allowed the motion of objects
to be treated mathematically. In Newtonian mechanics, force was understood as a remote action
acting instantaneously on distant points of matter. In contrast, electromagnetic mechanics,
invented by Maxwell in the 19th century, introduced a field called electromagnetic field to mediate
the force. In this theory, an object such as a magnet generates a magnetic field, and this field
acts on a distant substance to transmit force. This concept is called proximity action as opposed
to distance action. With the birth of electromagnetism, it was discovered that light is a wave
that propagates through an electromagnetic field. This electromagnetic field was thought to be
transmitted through an unknown substance called the ether. According to this conventional idea,
the speed of light changes depending on the relative speed of the inertial system and the ether.
However, actual observation and experiments have shown that the speed of light does not depend
on the inertial system. Einstein’s special theory of relativity showed that there is no such thing as
an absolutely stationary system in time and space, but rather that they are relative to each other
and vary depending on the observer. This discovery led to a unified understanding of Newtonian
mechanics and Maxwell’s electrodynamics. In addition, Einstein developed the general theory of
relativity to describe curved space. With this theory, he succeeded in calculating the movement
of the perihelion of comets, which had been impossible to calculate with Newtonian mechanics.

Despite the success of general relativity, there are still unsolved problems. Three typical
examples are Dark Energy (DE), inflation, and Dark Matter (DM). When the general theory of
relativity was first completed, Einstein thought that the solution that the universe is expanding
was unnatural. Therefore, he added a cosmological constant term to the Einstein equation to
cancel out the expansion. However, Hubble’s observation of the redshift of galaxies revealed that
the distance between two galaxies increases the relative velocity of their separation from each
other. This fact led to the discovery that the universe is expanding at an accelerating rate. To
explain this accelerated expansion, we need an unknown energy (DE) whose density does not
diminish with the expansion of the universe, and the cosmological constant added by Einstein
corresponds to this DE. The cosmological constant written by Einstein is equivalent to this DE.
There are various possible origins of this DE. For example, in quantum field theory, the vacuum
has a constant energy. However, this energy has the Planck scale M, ~ O(10%*)GeV? | which is
123 orders of magnitude higher than the DE energy scale A ~ O(10%)GeV?2. Therefore, theories
to explain this hierarchy and the effects that produce DE are currently being studied.

The second unsolved problem is the inflationary universe, which was the subject of the Big
Bang theory proposed by G. Gamow in 1928, which states that the universe began as a ball of
fire. In 1928, G. Gamow proposed the big bang theory that the universe began as a ball of fire.
However, this theory raised the problems of flatness, in which the present universe is extremely
flat, the horizon problem, in which there are correlations in regions of space that cannot be
causally related, and the monopole problem, which has been predicted by the grand unified
theory but has not yet been found [1,2]. The inflationary universe was devised as a solution
to these problems. In this theory, the universe expands rapidly at the beginning, and then the
expansion energy is instantaneously dissipated into heat energy to produce particles. However,
general relativity cannot induce the inflation that is said to have occurred at the beginning of
the universe.

There are two ways to solve the problem of inflation: one is to add an inflaton, a particle



that causes slow-roll inflation, and the other is to extend general relativity. The latter method
is called the modified theory of gravity, in which the Einstein-Hilbert action R is replaced by a
function F'(R) of an arbitrary Ricci scalar R, a scalar-tensor type one in which a scalar particle is
added, and a tortion 7" instead of R [3,4,6,8,26,27]. In the present study, we will consider one of
these methods, F(R). F(R) gravity is a theory proposed by H. A. Buchdahl in 1980, in which the
action was rewritten as ¢(R) instead of FI(R) [17]. As a result of this modification, the Einstein
equation was rewritten in a modified form. In particular, the F(R) gravity of R?- proposed by
Starobinksy [18], which adds a term of R? to the Einstein-Hilbert action, is now restricted by
the observation of CMB fluctuations, e-folding number N = 50 — 60, curvature power spectrum
In(10%°As) = 3.043 + 0.014, spectrum index n, = 0.9652 4 0.0042 [28]. By adding logarithmic
corrections to R?, constant-roll inflation, which is a transition from the inflationary period to the
present accelerating expansion universe, is now being studied [23,44].

On the other hand, galaxy rotation curves and gravitational lensing observations suggest the
existence of invisible matter, DM. In the case of the galaxy rotation curve, a problem has arisen
that galaxies are rotating faster than the expected rotation speed based on the observed total
mass of galaxies. To explain this problem, invisible particles (DM) were needed in the galaxy
clusters. It has also been observed that the light emitted from distant galaxies is bent by the
gravitational lensing effect due to the invisible mass. This gravitational lensing effect is thought
to be caused by the bending of space by DM. The gravitational lensing effect was also observed
in the case of cluster collisions, where the DM did not interact with each other. This means
that DM must be either non-interacting or very weakly interacting WIMPs (Weak Interaction
Massive Particles), which also affect the structure formation of the universe. Simulations have
shown that DM must have a non-relativistic (Cold) thermal velocity in order to reproduce the
observed structure of the universe. Therefore, the DM must be non-interacting or WIMP in
Cold. Candidates for the DM are the axion particle, whose existence is predicted by the strong
CP problem of the SM, the SUSY particle predicted by supersymmetry theory, and black holes.
Apart from these particles, an attempt has been made to solve the DM problem by using F'(R)
gravity as a correction to the theory of gravity. In this paper, we try to solve the DM problem by
F(R) gravity based on the work of T. Katsuragawa and S. Matsuzaki [46,47]. In addition to the
analysis of the F'(R) gravity treated here, models have been studied that focus on the contribution
of the higher derivative of the curvature R [45], including coupling with scalar fields [48-50)]

In section 2 we explain the inflation mechanism as slow roll inflation. In section 3 we explain
preheating process, which is the next phase of universe from inflation era. In this phase in the
early universe, the inflaton and scalar fields decay exponentially due to parametric resonance.
We investigate this resonance by analyzing the matheu equation in a perturbative expansion. In
section 4 we show F'(R) gravity as a modified gravity model. F'(R) gravity has typical feature as
chameleon mechanism which is our main target of our work. We will focus on any F'(R) model.
In particular, the logarithmic F'(R) model is a model that we have proposed and analyzed. In
section 6 we numerically calculate inflaton time expansion at preheating era. Then we used
symplectic numerical integral method, which conserve the value of Hamiltonian. In section 6 we
discuss our results.



2 Slow roll inflation

In this section, we will first describe the slow roll inflation proposed by [39]as a theory to describe
inflation. In this theory, the accelerated expansion of the universe that occurred in the early
universe is caused by the vacuum energy of a scalar field called an inflaton. Fig.(1) schematically
illustrates the behavior of inflaton in the early universe. First of all, the inflaton have an initial
state that is displaced from the true vacuum. The inflaton slowly rolls down from this state
to the true vacuum state. The inflaton then falls into the true vacuum, ending inflation, but
the inflaton begins to oscillate around the vacuum. The cooled universe is then reheated as the
vibrational energy of the inflaton decays into the interacting matter fields.

Vig)

'

Figure 1: The potential of inflation and the behavior of inflaton in the early universe, where
inflation slowly rolls down to a true vacuum.

2.1 Friedmann equation

First of all, I would like to review the accelerated expansion of the universe before looking at
the behavior of the throw roll inflation in the early universe. In order to describe the expansion
of the universe, we take the following Friedmann-Lemaitre-Robertson-Walker (FLRW) metric as
the background space-time metric,

ds* = g,,dx"dz” (1)

= dt* — a(t)* i + r2dQ? (2)
N 1 — kr2 ’

Here k is the curvature that determines the structure of the universe, and depending on the value
of k, the universe can be classified as follows,

>0 closed space
k=4<0 open space . (3)
0 flat space

The expansion of the universe is described using the Hubble parameter H. The H is defined by
the scale factor H = a/a. Here, represents the derivative with respect to time. The time expand
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of scale factor a is given by use H as

9 _ byt (4)

e
at) = exp ( /t: H(T)dT) (5)

The power of exp of Eq(5) is represented N, e-folding number and the value should be N ~ 60.
First, we analyze the Elnstein-Hilbert action, which describes general relativity. The action
is defined as

S = /d4:c (\/—_gQ%R — ZA) , (6)

where £ = 1/M,; and A describe dark energy term. The background space-time is described
by metric ¢g"”. The equation of motion for the background spacetime, Friedmann equation, is
obtained by varying the above equation to metric. Friedmann equation is given as

E A kK%

= H2 -_— — —— = —
Goo + 2 3 3 (7)

: k

We will analyze the Hubble parameter H by solving this equation. At first we take derivative of
Eq.(7) with respect to ¢, we obtain

: ko K%

2HH —2H— = —. 9

a? 3 9)
We calculate -Eq(9) + H Eq(7),
oA 5

g+ 22 (Limp 1
3 ( + 3) /@(3+ ) (10)
K2 Hp = —K2 (g + HP) (11)
p=—-3H(p+ P). (12)

Eq.(12) corresponds to the law of the conservation of energy. We consider two case that matter
effect is dominant and radiation effect is dominant. We place k = A = 0 because we don’t focus
the effect of curvature of universe and dark energy effect. First, we will focus on the Mattar
dominant and Radiation dominant background fields to see how the expansion of the universe
behaves.

2.1.1 Mattar dominant

First, let’s look at the period when the material field prevails. In mattar dominant era, the term
of P in Eq(12) is ignorable, then the equation becomes,

—3% (13)

= poa(t) 3. (14)



The fact that matter density thins at the third order of spatial expansion is a result of intuition.
The fact that the background field dilutes at the third order of spatial expansion determines the
behavior of the expansion of the universe. Then we solve the Eq(7), the scale facter a(t) expands
as

2
H? = —“Spoa—f’) (15)

2
at?da = %dt (16)
a(t) oc t2/3, (17)

Thus, during the matter field dominance period, the universe decelerates and expands at the
order of 2/3 of time.

2.1.2 Radiation dominant

When radiation effect is dominant, the EoM is described as relativistic and the relation of energy
density and pressure is given as p = 3P. Then the law of the conservation of energy, Eq(12) is
solved as

P=—4HP (18)
P(t) = Pya(t)™. (19)

Then we solve the Eq(7), the scale factar a(t) expands as

H? = k*Pya™* (20)
a(t) oc t/2, (21)

Thus, during the matter field dominance period, the universe decelerates and expands at the
order of 2/3 of time. While the matter field is diluted in the third order of space, radiation is
diluted in the fourth order. Therefore, even if radiation dominant at first, it transitions to matter
dominant as time goes by. Having reviewed the behavior of the expansion of the universe, we
will now review inflation.

2.2 Slow roll inflation

Slow roll inflation is the one of inflation model, the scalar called as inflaiton expand universe.
Inflation can be a particle that emerges from an extension of the Standard Model, or it can emerge
from a modified theory of gravity. In slow roll inflation, the vacuum energy of the inflation causes
the expansion of the universe. The action of slow roll inflation is given as,

5= [dev=g (iR D000 — V<¢>> . (22)

We consider scalar field is homogeneous, so we ignore the gradient term of scalar field. The EoM
of scalar field ¢ is given as

¢+ 3Hp+ 03V = 0. (23)



In slow roll inflation, the inflaton must roll down the potential slowly. We define the slow roll
condition for the inflaton to roll slowly down the potential. The slow roll conditions are defined

as
1/9,V\?
_ 9V o
v = V’ ( )

and these parameters must satisfy |ey,ny| < 1 when universe was inflation era. Here, we
calculate the magnitude of the e-folding number as the inflaton rolls from ¢, to ¢, as a measure of
inflationary expansion. First, from the Friedmann equation, we obtain the following relationship
between H and the scalar field ¢,

1/1.
=1 (15 vie). (26)
3\2
If ¢ satisfies the slow roll condition, the contribution of gb can be regarded as negligible compared
to 0,V and ¢. In this case, the equation of motion of ¢ and the Friedmann equation can be
approximated as follows

3H + 0,V =0, (27)
2y
H? ~ LS . (28)
3
By using the above two equations, we can describe the phi-dependence of the e-folding number
N. If we write N with ¢; as the starting state and ¢, as the ending state, we obtain
t2 2 H ®2 21/
N:/ ar— [ aet o [T stV 0
t1 é1 ¢ b1 &z,V((b)
The e-folding number takes the value of 50 — 60. The value of the final state ¢, is determined
by the value of ¢, which breaks the slow roll condition, and the value of the starting state ¢, is
determined by calculating backwards from the value of the e-folding number.

Infratons fluctuate from their expected value during inflation. This fluctuation is the seed of
the currently observed anisotropy of the CMB. Conversely, the observed CMB can be used to
impose restrictions on the model of slow roll inflation.

K V(9)

AS - 4772 €y d=do T = (1 — bey + 277V)|<Z>=¢0 o T= 16€V|¢:¢0 ’ (30)

(29)

In slow roll inflation, the following relations are obtained for the power spectrum A, the spectrum
index ng, and the tensor-to-scalar ratio r [12,14,15]. In this study, we use these observations as
a limit on slow roll inflation.

3 preheating process

When the inflation of universe finish, the universe enter a new phase. In this phase the energy
of inflaton field transfer to elementary particle. At early universe, the universe must be reheat,
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because the universe became cold because of inflation. In the preheating phase, the exponential
decay of the inflaton into a scalar field is observed due to the resonance effect. In this chapter,
we will discuss how this resonance effect is caused.

3.1 Parametric resonance

Consider the case where the inflaton field has the simplest potential 1/ Qmégf)Q and interacts with
the scalar field and —1/2¢%¢?x2. In this case, the potential is given as follows.

1 1 1
V(6 X) = gmed” + 5mx” + 59°0°X° (31)

In this case, assuming FLRW spacetime, the equations of motion for the inflaton ¢ and scalar
field x are

2 d
(@ +3H . + m? + g%ﬁ) =0 (32)
(O +m} +g°¢%) x =0, (33)

where the effect of the gradient is dropped, assuming that ¢ is uniform, and the temperature of
the preheating is cold, so it is assumed to be matter dominant. Therefore, the Habble scale H is
given by a(t) oc t*3, and H is H(t) = 2. Substituting this expression into Eq.(32), the equation
of motion for the scalar field can be written as

(—+——+m@¢=o (34)

Here, the contribution of x is assumed to be negligible with respect to the scale of ¢. Now, to
solve Eq.(34), we rewrite ¢ in terms of z as follows

¢ =z(t)e Jodrar = (—) E (t). (35)

to

By using the function = given here, the derivative of ¢ with time can be written as follows.

éz(f—i>¢ (36)

x 2t
D
¢:(§+;§+@Q¢ (37)

By substituting Eq.(36,37) into Eq.(34), we can rewrite the equation of motion of ¢ into a
differential equation of x.

S+t mi-— =0 (38)

Here, by performing the transformation ¢ — ¢/m for time ¢, Eq.(38) can be rewritten as follows.

i(tm) — %i(t/m) + (1 _ ﬁ) w(t/m) = 0 (39)



The above equation corresponds to the differential equation of the bessel function, and by using
the differential formula of bessel, the solution can be obtained as follows

x(t/m) = c1J1)2(t/m) + c2Y12(t/m) (40)

Jij2(2) = \/gsin(z), Yi2(2) = \/gcos(z), (41)

where ¢y, ¢y represent arbitrary indefinite coefficients, respectively. Using the solution of x ob-
tained here, ¢ can be expressed as follows.

Ay cos(mt) + Ag sin(mt)

Prack(t) = ot ; (42)

where A;, Ay are indefinite coefficients, respectively. Since the values of A; and A5 can be chosen
arbitrarily, we choose the following as the solution for ¢.

_ Psin(myt)

P(t) ~ — (43)

Substituting the solution of ¢ obtained here into the equation of motion of x and performing the
Fourier transform, the following equation is obtained.

. ) k2 g?®?sin®(mgyt
Xk+3HXk+(@+ tg( o!) Xk =0, (44)
where k corresponds to the wavenumber of the Fourier mode of y. We also neglected the effect of
the mass of x. For Eq.(44), if the effect of the expansion of the universe is sufficiently negligible
compared to the time evolution scale of ¢, x, the equation of motion of x can be approximated
as follows

~ 1
Vi + <k2 + ¢*P? + 5(1 — Cos(2m¢,t))> Xk =10 (45)
.. 2 1 239 1 252
X | (K7 459707 ) — 5970 cos(2myt) | = 0. (46)

The above equation can be approximated to an equation called the matheu equation.

3.2 Matheu equation

Eq.(46) can be rewritten as a differential equation called matheu equation as follows

dQ—u—i-(é—Q cos (27))u =0 (47)
I € 7))u = 0.

In order to treat this differential equation analytically, we perform a perturbation expansion
under the condition |¢| < 1. In this case, the parameters ¢ and u(7) are expanded as follows

§ =200+ ed + €25+ ..., 2(7) = up(T) + eur (1) + us(7) (48)



Substituting this expansion equation into Eq.(47) and summarizing for each character of ¢, the
differential equation for 9, u is given for each order as

(j—; + 50) up(t) =0 (49)
(d—2 + 5()) ur (1) 4 (01 — 2 cos(27))uo(7) =0 (50)
dr?
(% + 50) uo(7) + (01 — 2cos(27))ur (1) + doup(7) =0 (51)

Here, u(7) is assumed to behave stationary with respect to time evolution. Therefore, we exclude
any solution for u(7) that deviates from the oscillatory solution and proceed with the discussion.
Assuming that u(7) has 27 as its period, the value of g is dp = 0,1,4,.... In the following, we
will discuss the value of dy in different cases.

3.2.1 ¢y =0 case

In this case, ug is ug = Cy+ C4t from the differential equation. Here, ug is a constant and ug = Cjy
from the condition of stationary oscillatory solution for u(7). The differential equation for u;(7)
at this time is

d2

ﬁul(T) -+ (51 — 2COS(2T))CO = 0. <52)

-

Here, from the steady-state oscillation condition for u(7), we get d; = 0, and the solution for u
is

C
uy (1) = —70 cos(27). (53)
Substituting the above table expression of u;(7) into the differential equation of us(7), we obtain
the following differential equation for us (7).
d2
ﬁug('r) + Cp cos®(27) + 6,04 = 0. (54)
-

If we choose —1/2 as the value of d5, the above equation can be rewritten as follows.

d? C
ﬁuQ(T) + 70 cos(41) = 0. (55)

In this case, the solution of uy(7) is as follows,

us(7) = % cos(47). (56)
Thus, d(epsilon) is then as follows,
1, 3
0= g€ + O(e’). (57)
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3.2.2 §p=1 case

Next, we analyze the case where we choose 1 as the value of dy. In this case, the solution of uy(7)
is given by the differential equation as follows,

uo(7) = Cpcos(T). (58)
Substituting the above solution of ug(7) into the differential equation of uy(7), Eq.(50), the

differential equation of w;(7) is given by

<d_ + 1) w1 (1) + (01 — 2 cos(27))Coy cos(T) = 0. (59)

dr?

This equation can be transformed using the trigonometric formula. If we transform the trigono-
metric function so that it becomes first order, the formula transforms as follows
d2U1
dr?

+uy (1) = —Co ((61 — 1) cos(T) — cos(37)) . (60)

At this time, if the right hand side contains a term proportional to cos(7), a function whose
period is 27, the solution of u;(7) will be unstable because a term proportional to tau is included
in the solution. Therefore, the condition for u;(7) to be stable is §; = 1. The solution to u(7)
is given by

Co

uy (1) = Y (2 cos(T) + cos(37)) . (61)

Substituting this result into Eq.(51), we obtain the following differential equation for wus(7),
d? Co
72 + 1) ug(r) — (1 — 2008(27’))§ (2 cos(371) + cos(37)) + 62Cp cos(1) = 0. (62)
-

If we transform the above equation to be the first order of the trigonometric function, the equation
can be rewritten as

P iy = —Co [ (65 ) cos(r) + 2 cos(3r) + L cos(57) (63)
T tuz=—Co 2+ g ) cos(7) + g cos(37) + g cos(57) | .
Therefore, the condition to be stable for uy(7) is do = —1/8. In this case, the e dependence on §

is written as follows,
L, 3
5(6):1+6—§6 + O(e). (64)
If § satisfies this condition, u(7) performs steady oscillations.

On the other hand, if we choose the sin function as the solution of ug(7), we get a different
solution. In this case, we take the solution of uy(7) as follows,

uo(7) = Cysin(r) (65)

11



Substituting the above solution of ug(7) into the differential equation of uy(7), Eq.(50), the
differential equation of u;(7) is given by

(% + 1) uy (1) + (01 — 2cos(27))Cysin(r) = 0. (66)

This equation can be transformed using the trigonometric formula. If we transform the trigono-
metric function so that it becomes first order, the formula transforms as follows

d2
—5 +ur(r) = =Cy (6 + 1) sin(r) — sin(37). (67)
Therefore, the condition for u;(7) to be stable is 6; = —1. The solution to u;(7) is given by
Co . .
u (1) = -5 (2sin(7) +sin(37)) . (68)

Substituting this result into Eq.(51), we obtain the following differential equation for us(7),
d? Co o . . .
i 1) us(r) —(1— 2COS(27’))§ (2sin(7) + sin(37)) 4+ 02Cy sin(7) = 0. (69)
-

If we transform the above equation to be the first order of the trigonometric function, the equation
can be rewritten as

d2U2 3 . 1 . 1 .
oo Tuz= —Cy ((52 — g) sin(7) + 3 sin(37) + 3 Sln(57’>) : (70)

Therefore, the condition to be stable for us(7) is d = 3/8. In this case, the ¢ dependence on §
is written as follows,

&g:1—e+§£+0@%. (71)

3.2.3 9y =4 case

Next, we analyze the case where we choose 1 as the value of 0. In this case, the solution of uy(7)
is given by the differential equation as follows,

uop(7) = Cj cos(27). (72)
Substituting the above solution of ug(7) into the differential equation of u;(7), Eq.(50), the

differential equation of u;(7) is given by

(d—2 + 4) uy(7) + (61 — 2 cos(27))Co cos(27) = 0. (73)

dr?

This equation can be transformed using the trigonometric formula. If we transform the trigono-
metric function so that it becomes first order, the formula transforms as follows

% + duy (1) = —Co (01 cos(27) — cos(47) — 1) . (74)

12



At this time, if the right hand side contains a term proportional to cos(7), a function whose period
is 7/2, the solution of u;(7) will be unstable because a term proportional to tau is included in
the solution. Therefore, the condition for u,(7) to be stable is 9; = 0. The solution to wu;(7) is
given by

_ G

=15 (3 — cos(47)). (75)

uy(7)

Substituting this result into Eq.(51), we obtain the following differential equation for us(7),
d? Co
= +4 Jus(T)+ (1 — 2005(27’))E (3 — cos(47)) 4 02Cp cos(27) = 0. (76)
-

If we transform the above equation to be the first order of the trigonometric function, the equation
can be rewritten as

d*uy ) 1 1 1
= + duy = —Cy <(52 - ﬁ) cos(7) + 1 cos(471) + E COS(6T)) : (77)

Therefore, the condition to be stable for us(7) is do = 5/12. In this case, the e dependence on o
is written as follows,

5(e) =4+ %62 + O(€%). (78)

If § satisfies this condition, u(7) performs steady oscillations.
On the other hand, if we choose the sin function as the solution of ug(7), we get a different
solution. In this case, we take the solution of uy(7) as follows,

uo(7) = Cosin(27) (79)

Substituting the above solution of ug(7) into the differential equation of uy(7), Eq.(50), the
differential equation of w;(7) is given by

(% T 4) uy (1) 4 (01 — 2cos(27))Cysin(27) = 0. (80)

This equation can be transformed using the trigonometric formula. If we transform the trigono-
metric function so that it becomes first order, the formula transforms as follows

% + 4duy (1) = —Co (91 sin(27) — sin(47)) . (81)

Therefore, the condition for u;(7) to be stable is 0; = 0. The solution to u;(7) is given by
C
uy (1) = —1—5 sin(47). (82)

Substituting this result into Eq.(51), we obtain the following differential equation for wus(7),

(d— + 4) us(7) — (1 — 2008(27‘))% sin(47) 4 02Cy sin(27) = 0. (83)

dr?

13



If we transform the above equation to be the first order of the trigonometric function, the equation
can be rewritten as

d? 1 1 1
?u; +uy = —Cp (((52 + 1—2) sin(271) — T sin(47) + 3 sin(GT)) . (84)
Therefore, the condition to be stable for us(7) is d = 3/8. In this case, the ¢ dependence on §
is written as follows,

5e) = 4 — %62 + 0. (85)
: R
4 =
! __2
3 2
_ 1+E—§
w 2f 3
3
ol 1-€+ 5
: o Y 52
ol 4+ 7
i — P
e R B

Figure 2: Graph of the relationship between ¢ and e. When the parameters are on the line, u(7)
performs steady oscillation.

A plot of the relationship between ¢ and € obtained above is shown in Fig.(2). The region of
parameters below the yellow and red lines and below the green and blue lines corresponds to the
solution where u(7) behaves stably with respect to time evolution. Conversely, in the parameter
region outside of this region, the solution of wu(7) behaves exponentially diverging with time
evolution due to resonance with the friction term cos(27). In the non-perturbative regime of
the preheating phase in the early universe, it is speculated that this resonance effect causes an
exponential decay from inflaton to scalar particles.

4  F(R) gravity

The origin of the inflaton, a scalar particle introduced in chapter 2 to describe slow roll inflation,
is not yet known. There is a way to introduce this inflaton from an extension of the Standard
Model describing elementary particle theory. In this paper, we consider the modified gravity
theory as the origin of this inflaton. One of the modified gravity theories, F(R) gravity, has
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been well studied as a theory that can describe inflation [9-12]. On the other hand, it is worth
mentioning that iflation can be written without introducing scalarons, but with the action of
F(R) [13].

We consider modified gravity theory as F(R) gravity which is the model that the curvature
R in Einstein-Hilbert action replace to arbitrary R’s function,

1
We introduce auxiliary field A, the action is rewritten as

5= / Az (F(A) + F(A)(R - A)) (87)

2/<;2

We take the derivative of A, we restore the action as Eq.(86). g, — G, = e2#/V0 f . Then the
curvature R is changed as

R = Y% (R4 VBrllp — 25 (0,0)(000)) (88)
We insert above equaiton into the action of F'(R) gravity, we obtain reformed action as
" L= 1,
= d x\/—g ﬁR - 59 (@A‘P)(af‘p) - V(SD) ) (89)

where the potential V() is defined as

F'(A(p))Alp) — F(A(p))
F2(A(p)) ’

Vie) =5y (90)

and we mach ¢ as e27/V6 = F/(A(p)).

4.1 Chameleon mechanism

When matter fields exit, the part of modified gravity affects to the matter fields. The interaction
of modified gravity and the matter fields can be described as the interaction between the scalar
field and each fields. The action of F/(R) gravity and a matter field is given as,

/d4.7}\/ ( R — —g’“’a,ﬁpayﬁp V( )) + SMatter- (91)

The metric g" which is defined before Weyl transformation has 5 DoF and ¢g"” has 4 DoF.
The difference of DoF apere as the scalar field ¢, so g" don’t depend on the scalar field,
5/dp(x)g" (x') = 0. We consider this point, we obtain the representation of the derivative
with respect to ¢ as,

J 0 +5g‘“’(x/) J
dp(x)  Op(z)  dp(x) dg(a')

O 26 sy oy O
go) T s T gy

(92)
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We consider Eq(), the EoM of scalaron field is given as,

S = [ V@) (09 = ) ele!) = 5 = )V (el)
L'\ —g(x! 2K s x—a)g" (2 0
+ [ d 9( )\/65 ( )9 ( )5g“”(x’) Ltatter

K

—/— () [ Doz — V7 x__e—4mp\/(§u$ _
_ 9()(D¢() Vi(pla) - e o0, >) 0 (93)

where the energy momentum tensor 7}, is defined as

)

T = S (94)
We define the effective potential of scalaron field V.¢¢(¢) as,
1 —4K
Verpl) = V) = qe /o, (95)

When the scalaron stand on the vacuum state and scalaron field fluctuate around that point, we
expansion the effective potential as,

1
Vveff((p) = Vveff(@min) + 5(90 - @min)z e/}/‘f((pmin) + ... (96)

We substitute this expansion form into Eq() and we ignore higher order of ¢, we obtain Klein-
Gordon equation for ¢ as,

(O =V (mn) ¢ =0, (97)

where we ignore constant factor of ¢. Therefore we regard the second derivative of the effective
potential as scalaron mass becouse of Eq.(97). Then the scalaron mass depend on T*,,, so scalaron
mass depend on the energy of back ground matter field. This mechanism called as chameleon
mechanism,

e/}f(@mim TH,) = me(T",). (98)

4.2 Mattar field

ToEMT can obey the metric g"”. Therefore TOEMT also depends on scalaron. Then the behavior
of chameleon mechanism becomes bit difficult. We focus to interaction between each fields. We
consider the wyle transformation on matter field, the action transform as following,

SMatter = /d4$\/ _g*CMatter<gm/a \Ij) = /d4l’ V _§6_4mp/\/é£Matter(ezmp/\fgum ‘lj) (99)

We will investigate the interaction between scalaron particle and other particles.
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Figure 3: The constraints for v and Rc/Apg. The colored area is permitted value for o and

RC/ADE-

4.2.1 m =0 vactor field

At first we consider massless vector field. The Lagrangian of massless vector field is given as

1
*CV(g,uw Au) = _ZguagVﬁF,uu(A,u)Faﬁ(A#)? (100)
Then the tensor F),, is defiend as
F,=V,A, -V,A, =0,A, —0,A,. (101)

The definition of F},,, is independent from metric g", so F},,, is invariant from wyle transformation.
Therefore the Lagrangian of massless vector field transform with wyle transformaiton as following,

1 ~ o~V
‘CV(gﬂl/?Au) = _164 1/6mpg'u g BF;W(AM)Faﬂ<Au)- (102)

We substitute above form into the action Sy, we obtain
/ L. a~v
SV = /d4.’E —g[—zgu g ﬁFpl/Faﬁ]
— [ o/ G A (103)

Then the interaction between scalaron ¢ and massless vector field don’t appear because the
transformation of \/—g and Ly cancel. This result don’t contradictory from the fact that the
trace of energy momentum field becomes 0,

1

V=g (— §TVM1/) =

)
dogHv

1
/ d*z\/—g (—Zgaﬁg"”Faprg)

1 1 « o 1 o
= — Z\/ —g (gguu (g /Bgu FaPFﬁU) - §gp F#PFVU) (104)

Ty", =0. (105)

Therefore we don’t need to redefine the massless vector field.
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4.2.2 m = 0 spinor field

Next we consider massless spinor field. The Lagrangian of massless spinor field is given as
following,

Lp(y*,¥) = 0"V, V. (106)
Then the conformal derivative of W is given as following,
VU = 0,0 + Sy’ A0 (107)
Then ~,w are defined as
2" = [y, 7] = 2e>5/ VO (108)
Woab = €ar(Opey + 17 e1) = ea/V ey, (109)

where the bracket [, ] describe commutation relation and {, } describe anti-commutation relation,
Greek index describe Lorentz index and Latinum index describe spinor index. The relation
between Lorentz and spinor index is given as

7= ey G = Nab€€,- (110)
We use above relation, we obtain the wyle transformation of spinor is

et — &% = eme(@)/Voen Vi = Ay = @y (111)

We use above formulas, the wyle transformation of w is
Wyab = € 7€ay [0 (7€) + (pr - 5;‘7,p - 5;‘7,u + 3" Gup0 0 ) (e7€})]
= ajyab + éal, [éZO'”u — 61:&50# — éZO:,rL -+ gyaébu(xa]
= Wuab — (Cau€y — Epu€h)o p- (112)
We substitute Eq.(112) into Eq.(107), we obtain the wyle transformation of the conformal deriva-

tive of spinor field as,

1
V.U =0,V + gw#abw,yb]\p

1 | . u
- au\p + gwuab[7a7 ’yb]qj - g(eaﬂeg\ - ebuei\)h aryb]\paQ\
- 1 . N L
- v,u\Ij - g{[’)’m’y/\] - h)\v’yﬂ]}aﬂi[j
- 1.
= V¥ = 1[50 7o (113)

We use the commutation relation as A[B,C] = {AB,C} — {A, C'} B, we obtain the formula of v
as,
V0 71 = {39 7 = {7 3" M
=87 — 259,
= 67" (114)
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We use above formulas, we obtain the Lagrangian on wyle transformation as

Lrp(y*, W) = ipy"V, ¥

. 3 /1 -

~ 3 /1
Vi — 5\/%’{(au )

Then scalaron ¢ couple with spinor field, so the interaction between scalaron and spinor field
appear. For cancel this interaction, we redefine the spinor field as

and the action transform as following,

Sr :/d4x\/—_§63 UGW@@W“

v, (116)

I
Q)
wlw
§‘
~
<)
&
S
S
e

¢ = 2V /0o (117)

~ 176 ~ 3 /1
Vﬂg = 6_% 1/6re <vﬂ — 5\/%'%(6# )) v, (118)
Then we can show that the action of spinor field is invariant on wyle transformation,
Sp = /d%\/—gzﬁ“mg - /d%\/—gﬁp(ﬁ“,g). (119)

The interaction between massless spinor field and scalaron disappear by redefinition of spinor field
§. We mention that the gauge transformation, V,, =+ V, —igA, don’t produce the interaction
between A, and ¢.

4.2.3 m =0 scalar field

The Lagrangian of massless scalar field is given as

£S(guua X) - 9“”(8MX*)(3V ) (120)

Then the wyle transformation of action is given simply,

ng/d4a:\/—§e2 L/6r2 G (9, ) (). (121)

Then y and ¢ couple, so the interaction between x and ¢ appear. We redefine the scalar field

as © = e~V /65y similarly to presubsection. Then the action of massless scalar field transform
on wyle transformation as following,

Ss = / /= ge V5 (0, 0R0") (9,6 V50 0)

2

(0,9)0%(8,0) + (3,0°)(D,2)0] + =" [(9) (D,0) 0" O]}

= [ @V =5{e 0,00)(0,0) + 7 i
(122)

V6
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In this case, the interaction between scalaron and massless scalar field remain on the second
and third term of Eq.(122). For cancel the interaction, we add new term into the Lagrangian.
We choose this new term which satisfy following conditions, (i) Lorentz invariant, (ii) Gauge
invariant, (iii) Renormalization invariant. We can add a new term as a term which satisfy the
three conditions as aRx*y, where a is an arbitrary constant value. Then the Lagrangian is
redefined as following,

Ls = g""(0,x")(0yx) + aRx"x. (123)

The second term of Eq.(123) transform on wyle transformation as,
/d4x\/—gaRx*x = /d T/ — aR+69“”V v(V/1/6kp) — 63" (0,\/1/6Kkp)(0,\/1/6Kkp)]O

~ D K g & ~ v *
= /d%v—ga[R—l— %g“ V.V,p — T (0,)(0,0)]O™O. (124)

Using these results, we can show the action is invariant on wyle transformation when we put a

1
as a = g,

Sg = / d*z/— {3 (0,0)(0,0) + éﬁ@*@ + gﬂ”%

_ / d*z/—G{§" (0,0")(8,0) + éR@*@ + %[%g“
= [ v/l 0,00)0.0) + gRe'e
- [ @ty =its G 0). (125)

Then scalaron ¢ disappear on the action of massless scalar field, so the interaction between
scalaron and massless scalar field doesn’t appear. Next we calculate the trace of momentum
tensor of massless scalar field. Before redefining of scalar field,x — O, we perform the derivative
of the action with respect to metric g"”,

[(0,0)0%(9,0) + (3,0)(9,9)© + (V,.0,10)0" O]}

’(0,)0" 0]}

%Ss = 595W / d'z/—g [ (Bax)(Opx) + 6Rx x}
=/—g {—%gwﬁs + (0, X" (Dux) + éRWx*x] =V-y (—%T@ : (126)

Then we obtain the value of T", as T", = 2Lg. Next we calculate the value of 7", when we
perform the derivative of the action which is described by © with respect to ¢. Then we consider
the derivatives are given as © 1 6 /000 = §/dpe"¢/Voy = —1/1/60. Then the derivative of Sg
with respect to ¢ is given as,

—SS:—/d:c\/_{‘“’é?@ (0,0) + R@@}

_\/_[ 0,0)(8,0) — %RG*@] - —gLs. (127)
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We use the relation as TP’j = 2L, the relation between T #, and TP’j is given as
e~ te/oTH = T, (128)

The differential of 7", and TP’j is the factor as e~4x#/V6,

We can show the interaction between scalaron and massless field can disappear when we
redefine new field. This results are consist with the fact that massless field don’t interact to
gravitational field. Next we consider massive fields case.

4.2.4 m # 0 vector field

The Lagrangian of massive vector field is given as
1
EV—mass(gp,w Aﬂ) = _ém%/gijuAlla (129)

and the action transform on wyle transformation as,

SV—mass = /d4ZL‘ V —96_4 1/fimpﬁ\/'—mass(gum A#)
1
= /d4x\/—§e_2 1/6r {—Em%/g‘“’AMAV} . (130)

We calculate the relation between 7%, and Tl’j At first we perform the derivative with respect
to g for obtaining T*,. We obtain 7", as,

) 1 1 1
(5gW SV—mass =V g |:__guV£V—mass + §m%/AuAu:| =Vv—4g (_iT,uu) ) (131)

2

and the relation with Ly, is given as T, = 2Ly _ 4. On the other hand, the derivative
with respect to ¢ is given as

1) 2K -
—S —mass =\ —9 __6_2'{@/\/65 mass) . 132
5o =/ (- : (132)

When we define T w= 2£~V,mass, the relation betweenT*, and T #, is given as
e~ re/Non = om2eNoT (133)

We expand around |kp| < 1 on Eq.(130), the interaction between scalaron and massive vector
field is approximated as,
2

1
SV—mass = /d4$ V _g |:_§m%/§#VA#AI/ + KZ;%V QPQMVAMAV:| + O(H%OQ)

2

- N kmy
= /d4x\/—g {ﬁVmass(gW,A“) + Tgcpg“ A“Ay] + O(K*p?). (134)

The interaction is given as three point coupling and the strength proportinal to the squared of
vector field mass,

2
KMy,

Lo =1

The interaction term don’t disappear compare to massless case.

g A Ay (135)
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4.2.5 m # 0 spinor field

The Lagrangian of massive spinor field is given as

Ep_mass(\lf> = —mF\I/\II (136)

We redefined spinor field in massless case,§ = e2V1/ oy ¢ = e2V1/ 6roJ so we rewrite the
Lagrangian by redefined field £&. Then the Lagrangian is represented as

SF—mass = /d4$ V —§674 1/6MPEF—mass(\Ij)
— / d*zn/—ge VR [—mpée] (137)

We expand scalaron field similarly to vector field case, the action is approximated as,

S mass = / d*z\/—G [—mFéé + “—Z’gsoéf} + O(K¢?)

= [atav/ [cp_mss@) ¥ %w&f} £ O(R2?). (135)

Then the second term of Eq.(138) correspond to the interaction term,

Lrp= “j‘g PEE. (139)

Therefore the interaction between scalaron is given as three point coupling.

4.2.6 m # 0 scalar field

The Lagrangian of massive scalar field is given as following,
ES—mass(X) = _m%‘X*X (140)

We rewrite the action by redefined scalar field, © = ¢~V /%%y the action is represented as,

SSfmass - /d4$ V _§6_4 1/6R@£S7mass(X)
—/d4x\/—§6_2 L/6re [ —m20*0). (141)

We calculate the trace of energy momentum tensor. At first we perform the derivative with
respect to g"”,

) 1 1
5‘9,“,5 =V g |:_§g,u1/£5—mass:| =Vv—4g <_§T;w) . (142)

Then the value of T, is given as T*, = 4Lg _mqss- On the other hand, the derivative of the
action which is described by redefined field with respect to ¢ is given,

) 2K 2K Ak ~
—S - —q 72“%0/\/6 |:——[, —mass ~ _[' —mass:| == —g 72mp/\/g |:__£ —mass:| . 143
5" VT V6 Ve o Ve e
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vector spinor scalar
Km?2 ~uy Km = 2Kkm2 %
\/gv wgh AMA,, T;‘ng \/gs RICHC

Table 1: The interaction term between scalaron and each fields

When we define 4L nass = 1" #,, the relation between 7", and Tﬂu of massive scalar field is
given as

6—411@/\/61'*#“ _ 6—2“4%’/\/677‘##. (144)

We expand kg, we obtain

2 2
SS—mass = /d4l‘v —g |:_m%’®*@ + ’f/ﬂgS@@*G] + O(I{2<p2>

- / d'z/—§ {cSmm(@) + zf/”g%@*@] + O(K%¢?). (145)

Then the interaction term between scalaron and massive scalar field is given as

2km%
V6

The interaction is given as three point coupling.
Table 1 show the interaction term between scalaron and each fields. The strength of coupling
proportional to each field’s mass, so the interaction becomes stronger when the fields are heavier.

Ls_, = ©0"0. (146)

4.2.7 Higgs mechanism

We showed that massive field interact with scalaron field. The mass of SM fields are produced by
Higgs field, so the analysis of Higgs field on wyle transformation is important to understand the
interaction between scalaron and massive particle. The action of Higgs field and vector, spinor
fields are given as

1
5= [ av=a (@00 - mijof + e
1
—19"9" GG
+ D -y — A @y
g"(D,®)(D,®) — p*dT® + \(PTD)% + éRch) (147)

where we define Higgs field as ®. The conformal derivative D, is written as following,

D, =9, —igA,. (148)
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At first we consider the wyle transformation on the kinetic part of Higgs fields. This term is

expanded as following,
1
g (D,®)"(D,®) =¢"[(0, — igA)] (D, — igA,)® + 6R<I>2
v v a a 1
=¢"0,920,® + ¢" g%élpAl}P2 + ERCDZ.
A curvature R transform on wyle tranformation as,

R=¢R+2(D—1)e*0o — (D —2)(D — 1)§"(9,0)(0,0)
= ¢* R+ 6e*Uo — 65" (0,0)(,0).

(149)

(150)

We replace scalar field ® to h where h is defined as & = e“h, the kinetic term of Higgs field
transform. At first we perform wyle transformation, g,, — Gu = €*°g,., the kinetic part of

Higgs field transform as following,

1 - -
9" (D,®)"(D,®) = e*7§" (0,h)(,h) + €*7 G g>h* A% AL + 6640Rh2 + e*0(h*0)

= ' g (D, h) (D, h) + e 0(h?0)

Next we consider kinetic term of vector field. The tensor G, is defined as following,

G, = 0,A, — 0, A7, — ig@f“bc[AZ, AL
Then we don’t have to change the definition of vector field.
gungAGpu pA 6 g gl})\Guzx pA

We rewrite the action by new difined field, h, £, we obtain following action,

/ J /
5= [ V53" 0,0 0, - e milo + Ro
1
up VA
— 399G,

+&D 9§ — ApEhé

2 p)\

1 ~
G" (Duh)(Dyh) — e 2 2 hth + M(hth)? + éRhQ).

Next we replace o to 0 = kyp/ V/6, the action is represented as following,
S =5+ (1 — e 2V m2| ¢/ | + (1 — e 2/V0) 2 pth,

Then the equation of motion for scalaron field is given as

ﬁ6_2’“"/\/6 (mZ|¢')* + p*hh) =0,

V6

and the effective potential is written as

Vers () = V(@) + e 28 (] |* + hih)

Op — 0,V (p) +

(151)

(152)

(153)

(154)

(155)
(156)
(157)

(158)

(159)

(160)

. Then only scalar field affect the effective potential of scalafon field. The observation of the

decay of scalarons into photons is discussed [34].
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4.3 Starobinsky model

The one of most famous model of F(R) gravity is Starobinsky model which is the model that R?
is joint to Einstein-Hilbert action. The action is given as

/d%\/_ ( R+ R — 2A> (161)

Models that extend this R? term to arbitrary orders and so on are also well studied [41,42].
When we perform Wyle transformation, the action is rewritten as

/d41:\/ ( SR+ V( )) (162)
1 F(A(@)Alp — F(A(9))
2K F2(A(p)

At first we treat inflation with the Starobinsky model. We calculate the potential with the

Starobinsky model, we insert R? into the potential. The first derivative of F'(R) with respect to
R and the relation between an auxiliary field A(¢) and scalaron ¢ is given as following,

Vip) = (163)

OAF(A) = 1+ 4r>yA(p) = e>#/V0, (164)
— L 2k0/V6 _
Alp) = 1o (e 1) . (165)

We substitute above equation into Eq.(163), we obtain the effective potential of scalaron field on
Starobinsky model is given as,

o4 /V6 , K2TH
Verr(o) = —55— [25 YA(p)* + 457N + Tﬂ} (166)
e—4re/Ve T 1 ) K2TH
_ re/NG )2 o gp 2\ 167
2K? {8&27(6 VA 2 (167)

We will focus on two era, early universe and late time universe.

4.3.1 Inflation era

At first we discuss about srow-roll inflation with Starobinsky model. We presume that there was
only scalaron field as early universe, so we ignore 7}, term. We show the effective potential as a
function of scalaron. As we can see from Fig.4, the potential is flat as large ¢ region. Therefore
the scalaron field roll to minimum slowly, and this field should introduce srow-roll inflation. We
can fit theorical parameters by observed values. At first we define the end time point when the
slow-roll inflation finish. The time srow-roll inflation finish is defined the condition that srow-roll
parameters becomes order 1, |e,n| ~ 1. For obtain srow-roll parameter €, 7, we calculate the first
and second derivative of the potential with respect to ¢,

e—ire/VE 1
V'(p) = 200/V6 _ 1) — 16K2A 168
=5 [ (e ) - 16624 (165)
) 6—41«,0/\/6 1 .
V" (p) = ; [%27 (2 —é? Wé) + 32m2A] : (169)
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The effective potential
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Figure 4: The effective potential as a function with respect to ¢. The parameters are fitted,
v=1,k*"A =103,

We substitute Eq(168,169) into Eq(24,25), we obtain the representation of € and 7 as,

2
1 (V'\> 4 exe/V6_1_32k*A
€ = —2 —_— = — P) (170)
262\ V 3 (ezw/\/é —1)7 + 32r49A
1% 4 [ e2re/Vo _ 2 — 64riyA a7
77 = = — .
RV 3\ (e2re/VE — 1)2 + 32r4yA

As we can see from above equation, when k¢ > 1, € and n becomes |e, 7| < 1 because the index
of exponential in denominator is large. On the other hand, when k¢ < 1, € and 1 approach to
1. We solve the value of € and 1 becomes 1, the value of ¢.,q is given as following,

e=1;

P V1 - 32023 + 3)riyA L V1 - 3202V3 + 3)riyA o
V3 V3 ’ V3 V3 ’
1+ 32(2v/3 — 3)k4yA 1+ 32(2v3 — 3)r4yA

1—i—\/ ( ) 1—i+\/ ( ) (173)

V3 V3 ’ V3 V3 ’

n=1
emoenwzé(g)_wm), %(me). (174)

The solution of Eq(174) are complex, so we exclude these values. The value of ¢.,4 should be
the biggest one because scalaron field roll dawn to small ¢ from large ¢. When the value of xk*A
is so small, .,q should be as

rpens VG _] 1 1 +\/1—32(2\/§+3)7A
e~ ren = — .
V3 V3

(175)
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We can define the initial point of ¢ because we defined the end point of . For defining the
initial point of ¢, we consider e-folding number. We define ¢y as a value of ¢ when the e-folding
number bocomes N, e-folding numberis written as following,

2
[ RY Vo (918 = 1)+ 326ty
a Pend (10 V/ B Pend SO 4 62H¢/f _— 1 - 32”47/\
1 PN
= {Z (362““’/‘/6 — V6ry + 96Ky A In [1 — 2elVE 32/147A} )} : (176)
Pend

We can ignore third term of Eq(176) because A describe the dark energy and « is the inverse of
Planck mass. When the value of e-folding number is 60, the value of ¢y becomes,

60 = ¢ (362“%00“ 31n ( 20/ Vé)) - (3@2*’«’6%/“6 ~ 3 (eQWend/Vg)) (177)
}1 (362*@0” 31n (emo/“@» 3 (1 + %) +3In (1 + %) , (178)
e2r0/V8 ~ 90, (179)

curvature power spectrum A, is given as

3
K2e—dre/ Vo ((e%“’/\/é — 1)2 + 8’71\)

p=pn 2562 (e2%0/V6 — 1 — 8yA)” 25672

B KtV
S 24n2 €

=pN

(180)

When we take kg = 5.4, we obtain A, = 2.5 x x2/v. Therefore the order of x%y is given as
1072, Then the value of r and n, is represented as

12
o~ — 1—n, ~

N27 (181)

2
N
4.3.2 DE dominant era

Before subsubsection, we discussed the slow roll inflation with Starobinsky model. In this section,
we will discuss about a scalaron in late time universe. In this era, we focus the effect of the
chameleon mechanism. Compare to inflation era, the effect of 7, becomes important. — The
scalaron should be in vacuum state, so we will gain the minimum point of scalaron field.
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Therefore the minimum point of ¢ is given as following,
1
kp/V6 = 5 [1+ 16K*yA + dys*TH,] . (185)
We evaluate the effective mass of scalaron field at minimum point, we obtain

m?o = V” eff(go) |go:g0m7‘,n

4K e 2r0/VE
= - _‘/e min) T ————
7 11 (Pmin) 6
P=Pmin
_ ! (186)
12k27y (1 + 16K A + 4ykATH,)
Then scalaron mass has gap at
1

—K*TH, = — +4A. 187
K H 2,}/ + ( )

We estimate the value of scalaron mass. For inflation condition, the value of ~ is given as
k2 /v ~ 107, so the value of scalaron mass is given as

o 1 K 28 2

where we ignore the effect of A and T#,. Therefore the value of scalarom mass becomes Plack
scale order. This value is much heavier than the constrain of Dark Matter candidate, O(1) GeV.
Starobinsky model can describe inflation in early universe, but one cannot become the dark
matter candidate.

4.4 Starobinsky dark energy model

The Starobinsky model can describe inflation. Next time we only focus into dark energy dominant
era. One of F(R) gravity which can describe current universe expansion is following,

F(R) = R— SR, (1 - (1 + Z—;)_n> : (189)

where the value of SR, is same as cosmological constant, SR, = 2A. This model can describe cur-
rent accelerating expansion of universe. When the value of curvature is large, which corresponds
to the curvature of current universe, R > R., Eq(189) approximated to

F(R) ~ R — BR,. (190)

The second term of Eq(190) corresponds to cosmological constant, so this approximation can
describe current accelerating expansion. For describe the picture of scalaron field, we approximate
at R > R. condition. Then the function F'(R) is approximated as

F(R) ~ R — R, (1 - (%) n) . (191)
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By this approximation, we perform the wyle transformation and the scalaron description. The
relation between scalaron field ¢ and curvature is given as following,

F'(A) = éA ( R3> (nH), (192)
A(p) = R, (ﬁ (1 - e%w/ﬁ)) o (193)

Next we substitute above equations into Eq(163), we obtain the effective potential of scalaron as
following,

CLa—| AP\ L aegve
Vers(p) =5 e V0 11— (2n+1) SR — e,

- ie‘*w/ Ve, (194)
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For calculate the minimum point of scalaron field, we calculate the first derivative of Eq(194)
with respect to ¢ is,
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This formula is so messy and it is difficult to solve minimum point. Therefore we consider
|kp| < 1 condition for simplify and we expansion exp part of Eq(195). We remark that this
condition is not contradiction to small curvature condition because of Eq(193). Then we obtain
approximated form as,

B ke \ET L ke \FE T,
("“)< nm) 2/3( n/a\/é> 2R, (196)

(195)
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When we ignore first term of Eq(196) because of the order of rkp’s order, we can solve with
respect to Ymin,

2 N\ —(2n+D)
KPmin = —18V6 (—KR “) . (197)

The mass of scalaron field is given as the second derivative of the effective potential at minimum
point Eq.(197). The mass of scalaron is given as

2
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Then the mass of scalaron depend on the power of 7%, to the 2(n + 1). When we assume the
upper bound of scalaron mass, m, < O(10) GeV, in solar system and SR. = Apg, the constant
parameter 8 must satisfy 8 < 10739+%. Then Rc must satisfy Re > 107~ % GeV? and this
order corresponds to solar system scale, k?ps ~ 107°° GeV?.

4.5 Logarithmic model

The scalaron with the Starobinsky dark energy model becomes so heavy, so we will consider more
smaller scalaron mass model. We define the action as logarithmic form [35],

F(R) =R - ADE (1 — OCRE In (Rﬁ)) + HQ’YO <1 + Y1 In (%)) R27 (199)

where «, Ro and~yy, 71, Ro are free constant parameters. The corrections to log are the expected
quantum corrections, and the corrections to log for R? are investigated in [43]. Fig.(5) schemati-
cally shows the approach to the Dark Energy, Dark Matter problem by the chameleon mechanism.
scalaron potential has a flat potential in vacuum and a high curvature in the matter field. The po-
tential of scalarons is flat in vacuum and has high curvature in the matter field, so that scalarons
behave like Dark Energy as a constant potential in vacuum and become heavy in the vicinity of
galaxies, which makes them candidates for Dark Matter. This logarithmic form is motivated by
quantum correction. This model is stand from the starobinsky inflation model,

F(R) = R+ fpr(R) + r*yR>. (200)
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Figure 5: A chameleon mechanism approach to DE and EM problems. The red and blue lines
suggest the behavior of the scalaron potential in a matter field and in a vacuum, respectively.

If we consider one-loop corrections to coupling constants in multiplicatively renormalizable higher-
derivative quantum gravity [44], the coefficient v in front of R? should become logalithmic form
as eq.(199). We consider R¢ is DE scale and Ry is early time inflation scale. For explaining DE
era and early time inflation era, this model should be approximated as following ;

In early time inflation era, the DE term can be neglected and this condition is represented
as,

Ro, &*y0[l +7 In(O(1)|Rs > Apg |1 — a& In fo . (201)
Re Re

From above an inequality, we obtain the conditions for parameters as

Rc K:RyRe Apg
> a, >a, Ry> . 202
ADE ln(Ro/Rc) N ADE ln(Ro/Rc) 0 K27071 ( )

We can constraint to some parameters g, v1, Ry by slow roll approximation. When DE term is
dominant, the condition that inflation term not becomes effective is represented

Rc, ADEH — O!lfl(O(l))] > K/Q"}/O |:1 + 7 In (%)} R%«
0

From above an inequality, we obtain the conditons for parameters as

> Re. (203)

It is known that this logalithmic F(R) produce a inflation scenario in the Jordan frame [44].
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4.5.1 Slow Roll Inflation

The initial value of ¢ is determined from the value of e-folding number, which is obtained from
the effective potential of scalaron. We define the e-folding as

PN V
N — d(ﬁ elff(gp)’ (204)
Pend ‘/eff((p)

where the value of e-folding is constrainted as N = 50 ~ 60. We define the constraint that
srow-roll inflation finish as, the parameter ¢ is defined as

1 e/ff(ép)>2
Elouns = =— , (205)
et T2k (Veff(s@) .
the parameter 7 is defined as
1 V(@)
Nowrs = — (206)
TR Verg(o)

Pend

The power spectrum and the specrtum index, tensor-to-scalar ratio are defined and constraints
as

L Vers(p)
p=—_ A7 2
2472 € on (207)
ny = (1 — 6¢ 4 2|4, = 0.9652 4 0.0042 (208)
P
r= Ft = 16¢l4, < 0.106. (209)

S

In(10" Ay) = 3.043+0.014 [28]. The tensor-to-scalar ratio is obtained as If we tune the parameters
as

70 = (0.88 ~ 1.2) x 10° (210)
7 = (1.0~ 1.4) x 107° (211)
Ro/Apg = 1.8, (212)

constraints (eq(208~209)) are satisfied and the value of tensor-scalar ratio is given as

r=(2.94 ~ 4.10) x 1072, (213)

4.5.2 The Description of Scalaron

We have confirmed that the R? term can reproduce the slow roll inflation to match the current
observation. Now we will analyze the current accelerated expansion. We consider DE dominant
case,

e [1 o (2] o
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The first we calculate the relation between R and ¢,

R/R¢ = exp &(e%wg —1)—1]. (215)
OZADE

The small curvature corresponds DE era and the large curvature corresponds a inflation era, so

the ¢ becomes large, the inflation effect appears and the shape of the effective potential transform

becouse of the inflation effect. If v becomes large of R /Apg becomes small, the slope of R graph

becomes gentle. The regeon of ¢ that DE effect is dominant is depend of the slope of R graph,

so on « and Rec/Apg. The potential is given as follow,

e—4mg0/\/6 , I€2
Verr(0) = —55— (RF (R) = F(R) — ?TﬂﬁL)

2K2
OA/\DEE%WP/\/6 Re 2%/ /6 1 HQT”M
=D (A I | P | I . 216
2%2 exp (@] DE(@ ) - (@] QC)ZADE ( )

Next we check the effective potential has the stable ground state or nor. If kp/v/6 < 1, the
effective potential can be approximated as,

alpg K Re 2k 1 K2TH,
i) = 14" L)
Vers () 252 ( \/6> (exp {aADE V6 ta 20App
ahpg (1 1 w&°TH 2 2 Re KATH N\ 2k
~ Sy 2z . 217
212 ( - - - NG (217)

e o 2a0Apg e o exlAprp olApg
< 1, a slope on garaph of the effective potential

2
KT,

If the trace of energy tensor is much large, - vy

arround small ¢ becomes negative. On the other hand, If k¢ /v/6 > 1, the exponentialy term in
the effective potential becomes dominant, so one can approximate the effective potential as,

al R .
Vigs(e) = 252 exp | L (@0 (215)

Arround small ¢, the effective potential V. r(¢) drop down as a linear function of ¢ if the trace
of energy-momeutum tensor 7% is much large. Arround large ¢, the effective potential Vef(¢)
must inclease becouse of a effect of exponential function, eq(218). Therefore we can understand
that if the tarace of energy-momentum tensor, the scalaron field has a stable ground state.The
second derrevative of potential becomes sharp if Ro/Apg becomes large and , so we can assume
that the scalaron mass becomes heavy if Ro/Apg becomes large and small if o becomes large.
Next we calculate the scalaron mass analyticaly. The first we obtaine the ¢ that a minimum of
the effective potential V. ;;(¢), we can obtain the minimum point of ¢ exactly as,
alpp 6_1+£ﬁ <2 N ’fTTZ)

1

where W is a lambelt W-function that obey following equation,

2z =W(z)eV®, (220)
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A lambelt W-function is complecly if we treat this model analyticaly, so we approximate eq(219)
K2TH

by elementary function. When > 1 and A—}i% > «a, one can apploximate eq.(219) as

alApg
1 alpp 2App — K*T*
B~ =n |1 R PR 74 B B 221
K@min/ V6 2n[+RC<+n[ o (221)
where we used the apploximation for W (z) as [32]
W (z) ~ In[z] — In[ln[z]] for x> 1. (222)

We substitute eq(221) into the second derivetive of the effective potential V. ;(¢), wje obtaine a
scalaron mass as

2 Iz

m? ~ bl RCT“. (223)

3CM\DE
We drow the scalaron mass depends on the trace of energy-momentum tensor. The approximation
we adopted is viable. It is known that a scalaron decay two photons and two gluons through
massive fermion and gauge boson loops. If a scalaron’s life time is so short, a scalaron decay
soon and there is no scalaron in current universe. Therefore we assume a scalaron’s life time is
longer than the age of current uneverse,

Tp > Typi ~ 10'7s. (224)

From this constraint, we find the upper bound for the scalaron mass [?],
m, < O(1)[GeV]. (225)
Now we consider current relic DM, so we substitute 7% as solar system scale pg =~ 10~ 17GeV*.
Substituting this value to eq.(225), we obtain the constraint for Ro and «,
R 30(1)?
¢ _30(1)

Ape K2pe

a~ 3 x 10%a. (226)

4.6 Power low like model

Next we consider power low like model which is treated in [16,40,44] at n = m,

rimn (i (2))" -

This model can be approximated when (R/Ry)" < 1. This model can be approximated as

Ry

In this approximation, the term is like the Einstein-Hilbert action plus R", and is expected to
reproduce slow roll inflation when n ~ 2. On the other hand, when (R/Ry)™ > 1 is satisfied, it
can be approximated as follows

F(R)~R+m <£)n (228)

}?nn+1
Ry

In this case, action is expressed as a pure power of curvature R.

F(R) ~

(229)
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4.6.1 Acceleration in DE era

Perform an approximate calculation for the current universe, where the value of curvature R

is sufficiently small. At this time, the approximation is divided into cases according to the

magnitude of the value of n. The density of matter at that time is calculated as follows
(H?/Rp)" < 1

Qn=1-m ((217? +n)g+ (2n° +2n—1) — %%) (6(—=g+1))" (Z_o) . (230)

(H?/Ry)" > 1

sz((gg)n)wla—q+nwm

2, 2 2 o, gmn(l+mn)
X | —m‘n“g+1—mn—mn"+ ———=
( H(q—1)

m(LHWH—f—n“*+m+m)(m)nweq+m”>.

q—1 Ry
(231)

At this point, we can discuss the expansion and contraction of the universe depending on the
value of m, n.

4.6.2 Tensor scalar picture

By performing a Wyle transformation on the metric, we can rewrite it in Einstein-Hilbert and
scalaron form. The effective potential of the scalaron is then given by
674K¢/\/6

sz nror(e) (L)) e Vop, (232)

Verp(p) =

where 7(¢) is dimension less value, r(¢) = R(p)/Ry. In this section, we treat r(y) substitute to
curvature R. ¢ is solved as

e25@/V6 = (1 4+ (1+m - n)r(e)") (1 + r(p)")™! (233)

The potential of the scalaron can be determined analytically. The effective mass of the scalaron
can be obtained as follows

m?(p) _ (2'{2/) > o (234)

- 12mn(n+1) \ 7o

Thus, when n > 1, scalarons behave in an inverse chameleonic manner, rather than being light-
ened in mass by the presence of matter fields.
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5 Symplectic numerical integral

The F(R) gravity is difficult to observe on the ground due to the chameleon mechanism. On
the other hand, if the chameleon mechanism is demonstrated, it will be a proof of the existence
of F(R) gravity. In Fig.(6), we summarize the possible influence of the chameleon mechanism
in each phase of the early universe. In the preheating phase, the background matter field may
increase exponentially due to the resonant effect of the scalaron and scalar fields, as discussed
in Chapter 3. This process may have a verifiable effect on the chameleon mechanism. In the
following, we discuss the F'(R) gtavity in the preheating phase.

inflation era X

The chameleon mechanism does not affect the structure of inflation itself.

preheating era (@)
Chameleon mechanism may work significantly as the matter field is exponentially
generated.

reheating eta X

Since the density of the matter field does not change dramatically, the mass of
the inflaton does not change much either.

Figure 6: Possible influence of the chameleon mechanism for each phase in the early universe.

In this chapter, we will actually calculate the behavior of the scalaron in the preheating
phase numerically. In the equation of motion of the scalaron in the preheating phase in F'(R)
gravity, the behavior of its potential is an important factor. In addition, unlike the general
field, the kinetic term of the matter field on F(R) gravity has a factor of e=4%¢/ V6 which means
that the kinetic term does not have a canonical form. Therefore, it is not possible to perform
an approximate calculation as we did in chapter 3. Therefore, we will use the full equation of
motion of scalarons and calculate it numerically. However, when we try to solve the equation
of motion numerically, there is a risk that the value of the Hamiltonian may deviate from the
true value by general numerical methods because the kinetic term has a non-canonical form. In
this study, we apply the method of [37] to solve the equation of motion symplectically for F'(R)
gravity.

5.1 Second order

We will first look at the symplectic numerical integral method here. Canonical equation of motion
conserve the value of Hamiltonian because, the time derivative is shown as the poisson bracket
belong to Hamiltonian H, f = {f, H}.

H={HH}=0 (235)
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Therefore the time expantion should be canonical transformation to conserve the form of equa-

tion.
. OH OH
A ARG AN
()= ()= (5 ) () - w5 -

where matrix [;; and r; is defined as

I = (_01 é) ry = (2) (237)

The time derivative of values P(p, q), Q(p, q) is written as
OR;. OR; OH _OR; OR 0H

Ri=—tp, =—'[4— = —"I. , 238
or; 0 " or; ar, ~ or;, " or, OR (238)
The condition that p,q — P(p, q), Q(p, q) becomes canonical transformation is,
OR; = OR,
g — = 1. 239
5’1“]» ik c%k : ( )

More symply above equation is written as following,

GCJ?’ 8%32’ 1{{% g:ﬁ) - (—01 é) (240)

The exact solution of EoM is represented as

F(t) = e £(go, po), (241)

where we define the operator H f=A{f H},, So this representation should conserve symplectic
symmetry, but the representation of Eq.(241) is difficult because of commutation relation of the
kinetic term K and potential V.

ﬁT-‘rO(T

e Dy VTR, (242)

then each exponential operator is represented as

)-( ) S(-CF)

This operator, when applied to any function F'(q,p) of p,q, performs a transformation that
transitions the variables ¢, p, and

3 oV 2 0K
Vr o 7 Kt — el
€ F(q7p> - F <q7p aq T) ) € F(qup) F (q + ap T, p> ) (244)

The transition operator defined above is used to describe the time evolution by the symplectic
integral. The time step is defined by Eq.(242). The first order symplectic integral step is shown

as,
n OK /. n n OK (,n+1
. n gt + T,
(qm) _ VK (qn) _ v (q 7 >) - (q Ty )) , (245)
Dit1 p p P Ta_q(q )
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The time update defined above preserves the value of the Hamiltonian. This is guaranteed by
the fact that the Eq.(245) transformation has symplectic symmetry. This transform conserve
symplectic symmetry,

oK ,
{Git1,pi11} = {Qi + a_p(p H)ﬂ pz‘+1}

={¢i,pis1} = {Qiy Di — T%—‘q/(qz)} = {q,pi} (246)

In fact, the symplectic integral defined here does not conserve the exact amount of Hamiltonian.
Therefore, we will find the conserved conservative by this transformation. The transformation
by the transformation Eq.(245) transforms 7 in quadratic order as follows

e™e™ = exp (T(K +V)+ %z[v, K]) . (247)

So the value which conserve along symplectic integral is

-
H/=K+V+§{V,K}q,p

TV OK
- K TOrer 24
+V + 590 Op (248)

This quantity is the one that is preserved by the transformation by Eq.(245).

5.2 Leap flog

We will look at transformations that preserve the Hamiltonian at a higher order than the trans-
formation defined by Eq.(245). Leap flog which is second order of symplectic integral is shown

as
n+1 n
(]q)n+1> — eTK/QeTVeTK/Z (gn) ) (249)

For the transformation defined by the above, we obtain the specific sign of the time evolution
step by letting the transition operator act on p",¢". We perform the poisson bracket operator,

we obtain
+1

<p:+1> — oTK/2,7V TK/2 (p:)

q q
n

_ TK/2 1V p

=e e
(q” + %%—’,f(p”))

n__ 0V(imn
_ 7K/2 ];K T 0q (q a)v
"+ 5%, (p” - Ta—q(Q”)>
= (4 + 52 m)
K

(250)
¢+ 3P + 55 (07 - T e)
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The right hand side of the above transformation has a complicated form. Therefore, we can
rewrite the update of the time step in a simpler form by defining half step. Above transformation
is rewritten we introduce half step,

P
Pt = =TS (251)
qn—H _ qn+1/2+7_ pn+1

Naturally, we can confirm that the leap frog method also has symplectic symmetry. This trans-
formation conserve symplectic symmetry,

2
_ {qn+1/2 pn—H}

1
{Git1,pin1} = {(ZHH/Q + T—PTLH;PHH}

_ {qn+l/2‘pn - Taa_}ql (qn+l/2)}

— {qn+1/27pn}

+ 6_H(”) n
q" T@pp’p

={q".p"}. (252)

It was confirmed that the leap frog method also has symplectic symmetry, which means that
there is a conserved quantity that is conserved by the time update by Eq.(252). To obtain the
conserved quantity by updating Eq.(252), we use the following formula

efePe = exp (A+B+C+ ([A—C,B]+[AC))

4o (1A, 1A, B+ O]+ [B, B, A+ )| + [C,[C, A+ BI] + 3[4, B1,C] + [B, [ C]])) |
(253)

Using the above formula, we can rewrite the transition operator of the leap frog method in the
third order of time. The second order of symplectic integral is represented as

eTR2emV K2 — exp ( (K+V)+ —3 [V L5 [V, K]D (254)

So the value which conserve along symplectic integral is

H' = K+V+—2{V+ {VK}q,p} (255)

a.p
PK (OV® OK\* 9*V
=K+4+V+— — ] —= — . 256
T (329 (dQ) (029) Iq? (256)
This quantity is the conserved quantity that is truly conserved by the leap frog method. A new
quantity of the second order of time is added to the true Hamiltonian.
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5.3 Advance to our model

In the previous chapter, we reviewed the basics of the symplectic integral method, which can
only be used in theories that originally had symplectic symmetry. However, our model does not
have symplectic symmetry because the matter field has a non-canonical kinetic term. Therefore,
by applying the method of [37], we will apply the symplectic integral method to the model we
study.

We will adopt the simplest R? model as the F(R) gravity and the case where it couples
non-minimally with the scalar field x. The lagrangian is given as following,

M3 1 1
L=+~g; [TPIRJ + R+ ERX” = 55 (Omux) (9ux) — §mi><2} : (257)
The Lagrangian given here can also be rewritten in the Einstein-Hilbert part and the scalaron
part by performing the Wyle transformation on the metric ¢/;”, as explained in Chapter 4. The
Lagrangian rewritten in this way can be written as follows

1

M? 1 : ,
£ = V78 | R~ 5T = e 0 0,000 - Vieo)| . (259)

where the effective potential of the scalaron ¢ is defined as follows

1

Vipo) = (1

1 1
16/{47 (€2f-c<p/\/6 —1 - 2,€2£X2) + —QW(%X) (ayX) + _miXZ) (259)

2 2

and the relation of scalaron and curvature R is given as following,

1 —4ZK
R(e) = g (1 2V 2»@2&2) . (260)

5.3.1 Einstein-Hilbert term
At first we calculate the Einstein-Hilbert part. We consider metric as following,

ds® = dt* + g;jda’da?, (261)
9ij = a(t)? (65 + hyj) (262)

where h;; is the perturbation part of Minkowski metric. In generally the basic parameter of
gravity is the metric g,,,, but we introduce the other definition. For analytic treatment, we define
the matrix # which is defined as the logarithmic of ¢ as

Next we expansion around the Minkowski metric because of |h| < 1,
(Ing),; = (In(a®(s + h)))ij =26;;Ina+ hi; + O(h?). (264)

As a parameter to describe the background space-time, we will use 3 instead of h. Then the
perturbation parameter h is written by [,
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To rewrite the metric G* in 3, we also define the traceless part of 5. We define the traceless
part of 5 as,
6] h
Yig = Bij = 305 = hij = 305+ O(F°), (266)
where (3 is the trace of § matrix. This implies that the matrix h and v is same order, O(y") <
O(h™). Therefore, we can regard «y as a perturbation parameter.

(Ing)y,; =By = §5ij + ij (267)

gij =~ (eﬂ/%ﬂ)”. (268)
g" is defined above. Now we need to make a definition for g,,. The matrix g% is defined as the
inverse of g;;, so the elements of g% is given as,

y 1 .\Y
g7~ e P3 <5 — v+ 572) . (269)

Using the above definition, we describe the trace, off diagonal part of g#*. The relation of g% is
given as following,

o et S (el o) 210)
7 e S (e e ) 2
7 e S (e ) 272
g'? = — e P22 %531@36_[3/3 (273)
g% & BygePrtBn)/2 | %51253165/3 (274)
g3~ —Bye” (PestB)/2 4 %5235126ﬁ/3_ (275)

The Einstein-Hilbert action Rp gives rise to the kinetic term 8 by this rewrite. The kinetic term
of 3 is given as following,

B/2 . . ) .. . .
Kg = /d?’a:e— (ﬁ%g + 533 + 59%1 — B11Ba2 — Pz I3z — 533511) . (276)

4K2

In addition to the kinetic term, the effect of the gradient can be obtained as a potential for j.
The potential corresponding to the gradient of 3 can be obtained as follows

1
Hyp = /d%m( 2zt Boze T Bony
- 2/8ry,z5yz,cn - 26yz,rﬂz:r,y - QBZ:E,yBa:y,z
- 25acx,zﬂyy,z - 25yy,zﬁzz,x - QBzz,yﬁxx,y

+ 26my,xﬁzz,y - QByz,yﬁxx,z - 26zaz,zﬁyy,x)~ (277)
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The behavior of the background space-time is described by the kinetic term and potential of 3.

In order to proceed with the discussion in the Symplectic integral method, it is necessary
to rewrite the picture in Hamiltonian picture instead of Lagrangian picture. We rewrite the
Hamiltonian picture, the conjugate momentum Il is introduced and the Hamiltonian is given
as,

0Ks e : 0Kp ebl2 .
e A PRl (27%)

In the above equation, the trace and off-diagonal parts of Pig are defined separately, but both
can be written together. This formula can be simplified as

1 . )
g, = 4_/<¢26ﬁ/2(2 — 6ij)(Bij — B0yj)- (279)

By using Iz defined here, we can rewrite the kinetic term of 8 in Hamiltonian picture. ~ The
kinetic part’s Hamiltonian is defined as following,

2
Hp, = / PR (2 Y I - ( > HB“) : (280)

i=1,2,3 i=1,2,3

Hﬁij - /d3x66/2K2 (H%u + H%zz, + H%m) : (281)

5.3.2 Apply to symplectic integration

In the previous section, we obtained the Hamiltonian picture of the Einstein-Hilbert part as a
function of 5. Now we need to rewrite the Hamiltonian picture for the scalaron and the scalar
field x. If we rewrite the Hamiltonian picture, the whole Hamiltonian is given as follows,

IT2 1 g
H =Kg+ Hyp + [6_3/2750] + {geﬂ/ngJ(Vgo)Q}

112 1 y
+ [65/262/(\/51\@1)%079(} + {566/262/(\/5Mp1)sagw<vx)2} + 2V (g, x), (282)

Note that the whole thing is multiplied by y/—g, which is e?. Then the conjugate momentum of
v, x are defined as following

I, = 2y, (283)

11, = ef/2e=2/VoMoy, (284)
As can be seen from Eq.(282), the kinetic term of ¢ is subject to the function S and the kine
term of x is subject to the function 3, ¢, so x, ¢ is non -canonical. For this reason, applying the
symplectic integral method to this model requires ingenuity. In the general symplectic integral
method, the Hamiltonian is decomposed into two parts: the kinetic term and the potential. Here,
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the Hamiltonian is decomposed into three parts. These three parts are defined as follows,

7K1 ]

TK> iJ

X+ e_ﬁ/QiQ/\/g¢HXT
Bii
B + 2k2e PP g7
I, — ?/—%KXT ’
IL,
Hﬂii + %7’
g
¢+ e PPIyr
X
Bii + 261\7/126,%/2 (Hﬁu Hﬁ]ﬁ - Hﬁkkz>
Bij
e
IL,
Wyt b2 (Sl (251, — (S 11502) + %
g
¢
Bii
Bij
Iy — %—VT
g — %7’
IIg;; %T

112

)7

(285)

. (280)

(287)

Indeed we can solve Eq(285) and Eq(287) exactly because they only transform x, 3;;, L4, I, and
right side only depends 3;;, ¢, I, I1g, ;. Therefore, if the time evolution takes place only in K, V,
the update is guaranteed to have symplectic symmetry. Therefore, we will pseudo-reproduce the
symplectic integral method by replacing only the transition by K, with an integral method such
as Runge-Kutta method. This method is the one used in [37]. Here, the operator of the time
transition will adopt the following as the sixth order of time,

o(A+B+C)dt _ csAdt/2 csBdt/2 e5Cat ,csBat/2 ,(cs+cz) Adt/2

% 6(;2Bdt/2eCQCdteCQBdt/26(02+Cl)Adt/2

% eclet/Qecl Cdteclet/Qe(Cl +00)Adt/2

% 600Bdt/2eCOCdtSCQBdt/26(60+Cl)Adt/Q

X 601Bdt/2ecl Cdteclet/26(01 +c2)Adt/2

% eCQBdt/Q602CdteCQBdt/26(02+C3)Adt/2

% 603Bdt/2€C3CdteC3Bdt/2€C3Adt/2

+O(dt"),

(288)

and we substitute A = K{,B = K5, C = V. With the time step thus defined, we calculate the
time evolution of the scalaron and y in the preheating period.
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First of all, for the sake of simplicity, we will limit our discussion to the case where the space
is zero-dimensional and has no expanse. In this case, the effect of the gradient of x does not
appear in the equation of motion. Therefore, it is assumed that the parametric resonance like
effect discussed in chapter 3 is not caused by the wavenumber vector k, but by the value of the
mass m, of the scalar field x. The time evolution of ®,y and the conjugate momenta Il4, I,
are plotted below, where the result in Fig. (7) corresponds to the case where £ = 0,m, = 0.1.
In this case, the amplitude of the time evolution of scalaron and y decreases with time due to
the expansion of the universe. With this combination of parameters, parametric resonance is not
observed. The calculation result in Fig.(8) corresponds to the case where £ = 0,m, = 0.5. The
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Figure 7: Graph of the time evolution of the scalar field for £ = 0, m, = 0.1. The horizontal axis
is the scale factor. The left figure shows the time evolution of scalarons and scalar field y. The
right figure shows the momentum-conjugate quantities.

results of Fig. (8) correspond to the case where & = 0,m, = 0.5, where the amplitude of both
scalaron and y increases due to parametric resonanace. Since the number density of particles in
the background scalar field increases exponentially, the mass of scalarons is expected to change
significantly through the chameleon mechanism.

Fig.(9) plots the time evolution of the effective masses of scalaron and x for the case £ =
0,m, = 0.5. As can be seen from this result, the effective mass of scalaron converges to a certain
value as time evolves. If the effect of the chameleon mechanism comes into play, the effective
mass of the scalaron should increase with the increase in the number of x particles. In the results
of this numerical calculation, the effect of the chameleon mechanism is not seen because the
scalaron mass converges to a certain value.

6 Summary

In this paper, we studied F'(R) gravity, which is one of the modified gravity theories. As men-
tioned in chapter 4, F/(R) gravity is a model that can explain the slow roll inflation. The F/(R)
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Figure 8: Graph of the time evolution of the scalar field for £ = 0, m, = 0.5. The horizontal axis
is the scale factor. The left figure shows the time evolution of scalarons and scalar field y. The
right figure shows the momentum-conjugate quantities.
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Figure 9: Plot of the time evolution of the effective masses of scalarons and scalar fields y when
the parameter values are taken to be £ =0, m, = 0.1.
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gravity can be rewritten in the form of Einstein-Hilbert action and scalar particles by performing
Wyle transformation on the metric tensor g"”. The scalar particle with the new degree of free-
dom introduced here is called scalaron. In the application of F'(R) gravity to inflation, slow-roll
inflation can be explained by identifying this scalaron with inflation. In particular, as we saw in
chapter 4, the R?-Starobinsky inflation can explain the slow-roll inflation in a way that fits the
current cosmological observations. In this paper, we investigate the application of F(R) gravity
to the accelerated expansion of the current universe and the dark matter problem, in addition to
inflation.

The scalaron has a chameleon mechanism in which its mass changes depending on the back-
ground matter field. In chapter 4.4, we specifically look at the possibility that scalarons are
candidates for dark matter. In chapter 4.4, we will discuss in particular whether scalarons are
candidates for dark matter. In the Starobinsky model, which includes the dark energy region, the
mass of scalarons in a matter field increases with the power of the energy of the background mat-
ter field. The condition for a dark matter candidate is that no two-photon decay from scalarons
is observed. In this case, when the background is solar scale (O(10717)GeV?), the scalaron mass
is m, < O(1)GeV. In chapter 4.5, we analyze the logarithmic F'(R) model that we devised. In
chapter 4.5, we analyzed a logarithmic model of F(R), which is characterized not only by the
slow-roll inflation due to the R? term, but also by the dark matter behavior due to the lobarithmic
Apg term corresponding to the cosmological constant. In this chapter, we have shown that the
logarithmic F(R) model can be a candidate for dark matter by choosing the model parameters.

In chapter 5, the behavior of scalarons in the preheating phase was calculated numerically
by applying symplectic numerical integral. The verification of the F'(R) gravity on the ground
is difficult due to the chameleon mechanism. Therefore, we focused on the early universe as a
possibility to verify the F/(R) gravity. The early universe immediately after inflation is divided
into a preheating period in which inflaton fluctuations behave non-perturbatively, and a reheating
period in which they perturbatively decay into scalar particles. In the preheating phase, the
inflaton fluctuation resonates with the motion of the scalar particle, and the inflaton fluctuation
exponentially decays into the scalar particle. When we consider the verification of F'(R) gravity,
the background matter field increases exponentially in the preheating phase, and the mass of the
scalar changes significantly due to the chameleon mechanism, which is expected to have an effect
on the final reheating temperature.

Since F(R) gravity does not have symplectic symmetry, it is not possible to apply the sym-
plectic integral method as it is. Therefore, the symplectic integral method cannot be applied as
it is. In this study, the calculation was performed assuming a zero dimension with no spatial
extent. Since the scalar field does not have a wavenumber vector, the mass of the scalar field
m, and the non-minimal coupling { are the parameters that work for parametric resonance. We
have confirmed that parametric resonance is induced when £ = 0,m, = 0.5. However, even in
this case, no contribution of the chameleon mechanism was found. For a more realistic model,
calculations should include the effect of the gradient of the scalar field for the three-dimensional
case.
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